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Online Appendix - Not Intended for Print Publication

Literature: Consumer Behavior

The consumer behavior literature contains interesting and relevant work that provides further
empirical motivation for our work. Here we briefly survey consumer behavior literature on: fre-
quency of stockouts; estimating shortage costs; consumer behavior upon experiencing stockouts;
and advertising models. We compare and contrast the results of this literature with our model.

Since our paper models consumer behavior after a stockout, it is important to know whether
stockouts are indeed relevant in practice. Stockout levels can vary between 10-30% in retail settings
(as surveyed in Fitzsimons, 2000), between 8.2% (Fitzsimons, 2000) and 18% (Balachander and
Farquhar, 1994) in supermarkets, 8-10% in grocery goods, and 20-40% in catalog items (Anderson
et al., 2006). Thus, the incorporation of the consumers’ activities subsequent to experiencing a
stockout are indeed highly relevant.

Establishing a precise estimate for a unit shortage cost can be a challenging exercise, as illustrated
by Oral et al. (1972) and Anderson et al. (2006). The primary reason for this is that most retail
establishments record actual sales, not the primary demand of consumers. The ultimate sales can,
of course, be the culmination of a brand substitution, a size substitution, or some other mediating
activity between the demand and the sale, in addition to the lack of a sale altogether which will
oftentimes not be registered at all. In their study of mail order catalogs, Anderson et al. (2006) find
a firm has an 86% probability of earning revenue if an item is in stock but this falls to 62% if the
item is not in stock. They also find there are diminished purchases by customers who experience
a stockout, quantified at $6 per customer for one year and as much as $23 per customer in the
long-term. These values could be interpreted as the difference in values of a “committed” customer
and an “latent” customer, a quantity we are able to isolate in our subsequent analysis.

Balachander and Farquhar (1994) find holding less stock can potentially reduce price competition
between firms, which can offset the reduced sales from stockouts; we take retail prices as given and
fixed. Charlton and Ehrenberg (1976) find no long-term market share or category sales reduction
in their experiment with detergents stockouts, whereas Motes and Castleberry (1985) find reduced
long-term market shares but restored levels of category sales. The retailer(s) in our models deal(s)
with a single item, so substitution between brands at a single location is not possible. The differing
levels of “blame” and “forgiveness” found in these empirical studies can be accommodated in our
models since they are parameterized.

Straughn (1991) (using scanner data) and Fitzsimons (2000) (using experiments) find there are

sustained market share effects of stockouts. Schary and Christopher (1979) report that upon expe-
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riencing a stockout 48% of British supermarket shoppers decided to shop elsewhere, 30% chose
not to purchase at all or postpone their purchase to a subsequent visit, 17% switched brands,
and 5% substituted a different size. Emmelhainz et al. (1991) find 14% shopped at another store,
32% switched brands, and 41% substituted a different size or variety. Looking at apparel sales,
Kalyanam et al. (2007) find there is little size substitution and focus primarily on the effect of key
item stockouts on ancillary items. The message of this is that there is underlying variation. These
quantities are represented by the flow parameters in our models and are relatively unrestricted.
Liberopoulos and Tsikis (2005) find similar effects at the wholesale level, showing stockouts neg-
atively affect future demand, reducing the value of future orders and lengthening the time before
the next order.

We make no assumption that the availability of inventory on the shelf will have a stimulating
effect upon the primary demand, a common assumption in the marketing literature. In addition,
we do not distinguish between the inventory holdings in different locations. We assume if an item
is in stock, it is available to be sold, although we recognize stock could be “shrunk” (i.e., stolen),
in different locations (e.g., retail shelf, retail stockroom, warehouse, in transit), or misplaced. Ton
and Raman (2005) approximately quantify misplaced SKUs at 3%. Such considerations could be
the subject of future research.

The final elements of the consumer behavior literature which are relevant for us to consider
pertain to advertising models. We condense this vast literature into some classical and recent
references. The advertising response function is a standard tool, measuring the consumer response
for a given advertising expenditure. S-shaped advertising response functions (see Sasieni, 1971, and
Feinberg, 2001) are commonly believed to represent the effect of these promotions. Specifically,
there is little effect in the market for some initial expenditures (the advertising “threshold”), but
then a substantial effect is observed for further outlays, which then tapers off in diminishing returns
for higher spending; the overall shape of this curve is S-shaped. There is debate as to the existence
or extent of the initial threshold (see Vakratsas et al., 2004), but there tends to be a consensus
that there are diminishing returns to scale at higher advertising spending (i.e., a convex increasing
advertising cost function). Our assumptions on advertising will indeed incorporate diminishing
returns to scale. Nguyen and Shi (2006) incorporate such diminishing returns in a competitive

advertising model where market sizes are affected.

Establishment of Basis for Theorem 1

In the basis for induction, we need to show



Olsen and Parker: Inventory Management Under Market Size Dynamics
Article submitted to Management Science; manuscript no. MS-01020-2006.R3 3

o Vr(x,0,0) =ar0+brf + cr for x <y;(25,0) and is bounded above by Vi (y;(25,6),6,5) for
x>y (25, 0);

* * .
mySZTu

° 2
e 0<ar—br< ary1 — bT+1, ar < arga, and by < bT+1'
However, the first and second bullets follow by arguments identical to those in the proof of Theo-
rem 1 with substitution of T for ¢.

Recall from Assumption 5,

pQE(Z:’Ly) + 71

ary1 = w, (47)
bT+1 = &ar41, and Cry1 = 0. (48)
So that,
ar4i — bT+1 = (1 - a)aT+1-
Further,
mp = Olgjgl(i(z) —aS(z)(ars1 —bri1))
ar = pamy +aary; +rpr
br = max (=C(p) + ap(aryi —bry1)) + abri
0<p<1
cr = rgggc(aaprly — K(v))+psmq + acryq.
Then,

ar < PQEEZ;@,) +aary +1pr
(P2L(27,,) +rp1)((1 - a)® + @)
0 ap
=arp(l-a(l-a))

< arqq
Using the non-negativity of C(-) and then p <1,
br < aar41 = brii.

Substituting p =0 as a lower bound,

br > abriy

Further,

ar —br < p2i(2:ny) +7rp1 +alaris —bria)
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= (1 — a)2GT+1 + 04(1 — a)aT+1
= (1-a)arsy

= ar4+1 — bT+1-
Finally,

ar —bp > pzf/(sz) +rpr — Oépzs(z;y)(aTH —bry1) +aary
—(apy(arsr —bry) +abryg)
= p2L(2},,) +rp1 + alarss — b)) (1= pp — p2S(25,,)
> 0.

Where the final inequality follows by Assumption 6. This has established the basis. Q.E.D.
Extension to the Proof of Theorem 1 When There is No Assumption on Initial
Inventory
Recall that y=!(z,0) = ®((z — p10)/(p20 + p3)). We define a function h(z,6) to be nonincreasing in
y !z, 0) if for every (z',6') and (22, 6?) such that y~!(z',0') <y~ '(2?,6?) we have that h(x!,0") >
h(z?,6%). In lieu of the first inductive assumption for period ¢, 1 <t <T — 1, assume:

o Vipi(2,0,8) = 410 + b1 B+ i1 + hyga(2,0), where hyyq(x,0) =0 for x <ys(z;,,,0) and is
non-negative and nonincreasing in y~'(z,60) (and is independent of §) for & > yy(z;,0).
This is a slightly stronger condition that implies the original condition. Is is true for the basis (by
assumption) with hriq(z,0) =0.

Consider the case where z; <y~'(x,0;) (i.e., ordering up to z; is not feasible). Then, analogous
to in the proof of Theorem 1,

Vi(z,0,8) = (p20 + ps) mélx(x 0)(ft(2) +E[hit1(zi41,0001)]) +0(rpr + car) +

22y~

B max (—C(p) + ope(@rt1 — bet1) + biy1)) + e + ryggc(aatﬂu - K(v)).

0<p<1

If suffices to show that E[h;.;(x441,6;11)] is nonincreasing in the decision z. Then the concave
nature of f;(z) implies that f;(z) +E[h¢y1(2111,0;41)] is minimized at y~!(z,0) (and hence ordering

nothing when above the desired base-stock is optimal). Further, define

hi(z,0) = fily ' (2,0)) — fi(2) + Elhea (@141, 0e11)]

where (z:41,60;11) are determined by ordering up to y~*(z,0). Then V(x,0,0) = a;0 + b8+ ¢; +
hi(x,0). By combining the above with the previous analysis in the proof of Theorem 1 in the

appendix, hi(x,0) =0 for x < y;(z;,0). Further, it is clearly non-negative, independent of [,
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and nonincreasing in y~'(x,0) (if we have shown that E[h;1(2;1,0:11)] is nonincreasing in z =
y~(z,0)) for x> ys(z,0).

Thus it remains to show that E[h;; (211, 60;,1)] is indeed nonincreasing in the decision z;. Fix the
demand realization ¢,. If we can show for every realization of &; that y~'(z;,1,0:,1) is nondecreasing
in z; then, since h;y(x,0) is nonincreasing in y~!(z,0) (by the inductive assumption), we have

that E[hiy1(2¢y1,0:41)] is nonincreasing in z;. Recall that:

Ty = (p2by +p3)(@71(2’t) —e&r+ (e — @71<Zt))+)
9t+1 =0, — (p29t +p3)AtFt(€t - q’fl(zf,))Jr + Rt(ﬂt)ﬁt + Ut(l/t)-

Then

Y (Zeg1, 0141)
— & Tit1 —p19t+1

P2bip1 + s
(P20 +p3) (@7 (21) —&r + Ti(er — @71 (24)) (1 = pi\y)) — i (0 + Ri(p1) B + Ut(Vt))> _

P20 — (P2 +p3) AT (1 — @71 (20)) T + Rilpr) Bt + Ue(v1)) + p3

If (¢, —®*(2,))" = 0 then this is clearly increasing in 2, (locally). Now suppose (g, — ®~!(z;))* >0,

=

then

(p20: +p3) (P71 (2) — &) (1 =Te(1 = p1As)) —pi(0: + Ri(p:) Bt + Ut(Vt))>
(D20 4 p3) (D1 (2e) — €¢)p2 ALy 4 p2(0: + Ri(pe) B + Ui (1)) + p3 .

Dividing through by (®!(z;) — ;) we can see that the numerator is increasing in z; and the

Y (Tg1,000) = @ (

denominator decreasing in z; making the whole increasing in z;. As the function is continuous at

g; =P 1(z;), the proof is complete. Q.E.D.

Proof of Lemma 1

By the definition of p;(A),
Clps(A)) —alps(A) < C(p) —alp|,_,=0.
Using S(-) > 0 and the definition of 2;,, as the maximizer of L(-),
T(A) <p2L(z},,) +rp1 + @Ay ax,
where Ajrax is some upper bound on A. Thus, if a fixed point exists, A* =T'(A*) and
A* < pQ‘E(Z;ny) +rp1+alyax.

Thus we can let

pzi(zfn )+rp1 A
AMAX = ﬁ = Amax7
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which yields, for any fixed point A*; A* < A,,.. and we can restrict attention to A <A,,... Now,
for A >0,

h

Ay=1— ———MMM

2(8) 7+ ozA’y}f\ +h
S 1 - = - Zma:r:~
T4 al e YA+ h
Further, for 0 < A < A,qz,
pr(A) = €' (adr)
S C/_l (aAmar) = Pmazx-

If A <0 (which will actually be shown to be excluded) then z;(A) < z*

m

y < Zmae and pp(A) =0 <

pmaa: .

For A >0,
dzp(A) hay -0
dA  (F+a YA+ h)?

and for 0 < p;(A) <1, by the inverse function theorem,

dps(A)  «
aa Ay

Thus, both z;(A) and p;(A) are nondecreasing in A and hence z;(A) > 27, for A >0. Further,

Ta = [ —ans]| N Ly L —ang S
a1 —paS(z(D)) — ps(A))

= a(l=p2S(2/(A)) = pr(A) Z (1 = p25(z5,,) = Pimas) 20

where the equality follows since - {I}(z) —aAS (z)}

= 0 and, by the strict convexity of C(-),

z=zf(A)
either d% [C(p) — aAp] =0or dpgif) =0. Thus 0 < d%(f) < 1 and hence T'(-) is a contraction
p=pf(A) -
mapping with a unique fixed point A*. Further, T'(0) = poL(2;,,) +rp1 > 0 and % > 0 implies

that A*>0. Q.E.D.

Proof of Proposition 1
Define G(A*) = A* — T'(A*). In preparation for applying the implicit function theorem, let us
differentiate G:

0
OA*

82§(AA**) . (;9,0 [C’(p) . OéA*p] apf(A*)

O 1=~
A") =1-p; o~ |L(2) — aA”
G(AY) = 1=p2 5 | E) —at'S(:)] o) OA

—a(1 - paS(z/(A%)) - ps (AY))
— 1—a(l-paS(z/(A%) = ps (A7) 20

p=pf(A*)
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) o
K arTa(A | D25 (A7) 9
. YT _ * Zf Y7
=2 5 [L(2) —aa*s(2)] B + P+ L(2)
=p1—p2(1— (1 =7)E[(e — 27 (2£(A"))) ] = 0 if p1 > p2
o . . D
— G = 8h§(A ) s
_ 7T o * Zf YT
= po— | L(=) —al"S(2)| e o P
= —paB[(271 (2, (A7) —) "] <0
8 . D
5, G = ST
0z (A¥)

= anaz {E(z) — aA*S(z)} > —i—pg((if/(z) — ap A*AE[(e — &7 (27 (A"))) ]
=z p (A

= —opa(A A TE[(e — & (2,(A")) ] <0

0 .. 0
— 3G = mg(A) e
~ z
= pa- | L(z) —aA"S(2)] fm — apaAE[(e — 7 (2(A")"]
z= Zf(A*)
= —aps A™YE[(e — @7 (24(A%))) ] <
—%G(A*) = %T(A*)
_ 977 " 0z (A*) 0 ) 9ps(AY)
= pas | L(z) —aA"S(2)] i i G R -
a z=zf p Pf( )
P25 L(2) + AL =p2S(2p(A7)) = ps (A7)
= rpa(1 = 7)E[(e = 7' (2£(A"))) ]+ A™(1 = paS (25 (A7) — ps(A7))
> rpa(1 = 7)E[(e = 271 (2,(A))) ]+ A™(1 = p2S(2imy) = Prnaz) = 0
Applying the implicit function theorem:
oAt =53 0N -G oA —h _oa - oA -5
o T LTV on T ST Ty T TT Tt e T

The optimal solution of the stocking level is:

h

A= A T

Define g(A*) =7+ aA* Ay +h

0z (A¥) __haxy >0

oA (g(Ar))? —

0z (A¥) _ h(l1—a(l—7)) haXy OA* >0
or (9(A%))? (9(Ax))? or —
0z;(A*) —T—alA*XAy—h+h haly OA*

oh T @d)r e on =
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0zp(A*)  —hr(l—7)+hAyA* N haXy OA* >0
da (9(A%))? (g(A%))* da — 7

where the final inequality follows from the sufficient condition in the theorem statement. The

optimal solution to the incentive decision is:
pr(A") = min(C' (aA"), 1).

Clearly, ps(A*) may adopt the value of 1 or a lesser (positive) value. Taking the derivative of 1
with respect to various parameters will yield 0, so we will hereafter assume p;(A*) = C"~(aA*)

for the remainder of this analysis.

Ops(AT) _ o >0
OA*  C"(ps(A%)) —
Ops(A¥) _ ! OA* >0
or O (A7) or =
Ops(A*) _ a OA* <0
Oh ~ C(ps(A7) Oh =
Ops(A*) _ ! OA* <0
28t C"(ps(A*)) Oy —
Ops(A*) _ ! OA* <0
N oA xS

Ops(A¥) A* « OA*

o C(p; (A7) T O (A7) Ba

Q.E.D.

Proof of Theorem 3
In the basis for induction, we will show (i # j)

o Vi(z',a?,0°,07) = ai0' + by 4 cr for a' < yi(2f,0°) and is bounded above by
Vilyy(21,6"),27,0",67);

. z;’;y < 28

o 0<al—bh<ab,, —bh, ;and

o a)f <ak,, and b <bh ;.

Now,

aiT+1E9iT+1 + b§r+1E9%’+1
= a1 (07 — (D507 +p5)S'(2') + (1367 + ) S (27))
iy (07 — (D307 +P3)S7 (27) + (P50 + ph) S (2))
= a;’+19§‘ — (py07 +P§)Si(zi)(aiT+1 - b%’+1) + biT+19% + (P%Hgf +P§)Sj (Zj)(aiTH - biT+1)
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For period T,

Vila',a!,0",67) = zz‘>@/njla?:§i o1 [ (ps0 +ph) LY () +rpif + (@l By + Ui (B0 + ) ]
T T P E ) — aS ()l b))+ (ahy + )
i T i J g7 I ST (23 i _ b bi. G i
izy=1(ai0) | +a(pabr +p3)S? (27)(ary, — b)) + by 07 + achy
Thus Vi (z*,27,0°,07) = a0’ 4+ bi607 4 ¢, for o <yi(27,6%). For o > y4(25,6"), Vi(a',27,6,67) <
Vi(ys(25,6"),27,0°,07) = a?0" + b.67 + ¢/, by the optimality of 2{* in the above.
We have immediately from assumption 10,

i o (L (=) +riph) (1 a)
oy ) = by =2 2/1 — a); > 0.

Thus, from its definition, 27* > z;* . Further,

dp < phLi(z,) +r'ph + adl,
(L' (=) +rp) (1 - )+ a)
(1- )
= iy, (1-a+a?)

7
< ary,

From the recursive definitions,

) i i i i 1@
by < a(aTJrl - bT+1) +abr =aar; =br,

bgr > abé“-&—l

ay — by < pyLi(zm,) + 1Py + @y, —bryy)

= pyLi(zm,) +7'Pi +a(l—a)as,,

i Tl ik i i O‘(l - O‘)
= (PQNL (Zmy) +7"DY) (1 + (1—04)2>
pyLi(z,) +7'py
- 11—«

i i
= apy —bryy

alp — by > ph LY () +r'pl — alal,y — b)) S (2F) + aal
_(O‘(G;H - bér-s-l)pgsj (ZJT*) + abé’+1)
= pyLi(z,) + 7D+ alahyy — by ) (1—p5S (20,) — pbS7(237,))

from assumption 10. This has established the basis.

For period ¢, assume (i # j)
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o Vi

Vo (2h,27,0°,07) = ay, 0" + bp 60 + ¢y for af < yh(217,,0") and is bounded above by

VtﬁH(y}(zfil,Gi),xj,H", 67) for x* > y}(zzil,ﬁi) :
o 0<aj, — by <aj,— b, and
® a1 Sap, and by <bi,.

Along any sample path

Vi

_ i pi i pi i i i (% pi
(zi e g )4 = 10y + bt—i—letﬁ-l + Crpr T S Yp(24,0040)
t+1\Mt4+10 Ft4+10 Vi1 Vil

<ap0i b0+ cy Ty > yf<zt+17 0i.1)
i ix i i J i iON_ i i Y BT i(ix i :
For z; < zi%4, Vt+1(93t+1’ Ty1, 0540, 071) = ap 0ty 0,00+ if g, < yf(ZtJrl’ 0t+1)' Which

is true due to the following reasoning. We have that,
i1 = (P20 + 1) (277 (21) — &y + Tiey — @71 (2))")

and
y;(zﬁu 9:}1) :pieiﬂ + q)fl(ziil)(l];giﬂ +p§)-
If e} < ®;'(z}), so there are no unsatisfied customers, then 6, ; > 6 and, using the fact that demand

must be non-negative, the future desired order-up-to point, y} (zfil,ei +1), is bounded below by
P10y + @71 (2) (p30; + p5) = (0307 +p3) (D7 (21) —€3),

where the right hand-side equals future inventory, x;,,, (in this case). If ] > ®~'(2;) then future
inventory, x} ,, is negative but, again using non-negativity of demand, the future desired order-
up-to point, y%(2{%,,6;,,), is non-negative. Thus, in both cases, z},, <y} (z/%,,0;,,).

% ik
For z; > 2174,

i i j i J
EVt+1(5’3t+1, Tit1s 0t+17 0t+1)
i i i J i
< at+1E‘9t+1 + bt+1E‘9t+1 + ¢

= ai+10i - (p§9l —{—pg)Si(zZ)(aiH - bi+1) + bi+19i + (pé@f —|—p§)5’j(zg)(ai+l - b§+1) + Ci+1- (49)
Therefore,

Fil i i i j i j
L'(z) + aEVt+1($t+17 Tiy1s 9t+1’ 0t+1)

< (péai +P§)ff(zi) + (O‘ai+1 =+ ripi)ﬁi + Oz(p%@f +pg)sj (Zz)(ai+1 - bi+1) + Oéb§+19f + aci+17

where

fi(z) = i}’(z) - aSi(z)(aiH - bi+1)-
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By the induction assumption, argmax, f;(z) < argmax, f/,,(z) = 2;%,, where the inequality follows
from the concavity of —S(z) and Li(z) and the non-decreasing nature of ai — bi. Therefore, by the
concavity of f{(z), f{(z}) < f{(z{%,). Consequently, we can exclude consideration of z; > 2% .
Therefore, applying the same logic as in (49),
Vi@, 00, 00) = (9o +py) _ max | fi(z)+ (00 P+ o il +p3) S () (@ —bis) +abi, 0 ac,,
22y z°,

Now,

5" = ang max {L'(=') —alal, —b,)S' (=)} (50)
a; = plzLZ( - ) apy(ay,y —biyy) S (27) +r'py + aayy, (51)
by = O‘p2(at+1 bey1)S? (277) + abt+1 (52)
¢, = ngl(zl ) — aps(ay,, — t+1)S7( ")+ O‘pé(ai-&-l - bi-s-l)Sj(Zj*) +aci, (53)
ap = py(max(L(z) = aS'(2)(aj,y = b)y1)) + gy, +1'p; (54)
= py(L'(2)") = 8" (2" ) (asy — biy)) +aap, +1'p) (55)
which is increasing in ¢ since (1 —S*(z)) >0 for all z and (aj,, — b}, ,) is also increasing in .
b, = O‘P%(aiﬂ — b 1)S7(27) + abyy, (56)

which is also increasing along similar reasoning to al. Further,

- bi = péil(Z{f*) —f-a(aiH bt+1)(1 pQSZ( ) —p%Sj(zg*))
<P (27) + alagy, —biy) (1 —p3S*(27) — P55 ()
< péil(dil) + O‘(ai+2 bi+2)(1 —péSi(ziil) —pgSj(zgj_l))

i 7
= G4y — bt+1

where the first inequality arises via the induction assumption since 1 — piS%(2i*) — piS7(2]*) >
1—piSi(zix)) — p3S9(23r,) > 0, and the second inequality arises by the definition of 2% ,. Finally,
—bi >0 since 1 — piS¥(2i*) — p}S7(2*) > 0 as above. Q.E.D.

Proof of Lemma 2

Begin by observing:
§'(2) = v'El(e' — ;" (2))*]. (57)

05'(2)/0z = —7 Pr(e' > 871 (2)) /u(2) (58)
gi(Ai, )\ij) =74 aAi)\ij’yi +h (59)
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By (A, X9) JONT = aAin? (60)
By (A%, A9) JOAT = aNiin? (61)
Define
hi

Fi(AL NI =1 — )
Zf(A7)‘ ) gt (A, \id)

So that, for fixed A’, Z;(A*, \”) is the z-response function. Then,

OZ; (AT, NT)  higg (AT, XT)[OAT _ hlariy’

oA GNP ganany
and S
OZH(A'NY) _ Hog (A N)/0XT WAyt
oA (@A (g aan?
Define

J

NI, ) = A (aAjS’i(zi)) .

Then, for fixed A7, S\?(Aj, z") is the A\¥-response function, if this response is less than one. From

the inverse function theorem,

GS\?(Aj,zi) _ aSi(z)
OAT AY(NI (A, 21))
and . _
ON/(N,2)  aN 9S(2)  —alIy Pr(e' > 87 (2))
0 T ANI(A,2) 07 AN (A, 2)eu(=)

As the partial derivatives of the response functions are of opposite signs there exists a unique

solution to equations (40) - (41). Q.E.D.

Proof of Lemma 3

We wish to find bounds on:
TH(A) =ph(L'(2;(A) —aA AT (A)S (24 (A))) +7'p) + A +pl(A' (N (A)) — aA N (A) S (24(A))).
Note that, by definition of )\?(A),

AN (A)) = aA' N (A)S(247(A))
< AYNY) — aANISI (27 (A))
= —alA'5(zf(A))

Ait=0

Using )\?(A),S’i(-),gj(') >0 and the definition of 2!

my?

T'(A) < pgii(zi )+ 7ript +aAl < pézi(zi Y+ 7ript 4+ Al

my my max
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where A? is an upper bound on A’. Thus,

Ainaa: <p2Ll( :ny) + T pl + OéAinaac

or we can let

AL _ PeLi(z) 1o
1—
Now
i h'
zi'(A) =1—— YT .
74 ozA“y’)\f (A)+h
hi
<1-—— - - -,
- i+ alAl i+ hi
Then, for
z— e
z = :
e ’]"7’ + aA:na:c’y + hl

z/(A) <zt ... Now,

— max*®

A7(A) = min (A;—l (aAJSi(zfi(A))) ,1)
< min (A;_l (aAZnamgi(zfnyD ,1) N

T'(A) = py(L' (2" (A)) = aANF (A)S' (2 (A))) +r'p} + @A’
+P3(AT (N (A)) —aAN (A )5 (2 (A)))

> py(Li(2h,) — QAN (A)S' () + 7] + !
P (AT (A)) — aA N (A)S (2 (A)))

> pi(Li(2, ,) — QAN )Si(zE ) il + A’ — ap) A’

max

= Py L (2),,) + 7L+ A (1= piA .S (21,) = P2A S (2h,,)

max max

Thus if 1 — p4 A

max

Si(z PN (23, ) >0 then let

my) max my

N PL (o) + 9]
i 1 _plg)\%axs ( 7ny) p2)\g’ia3¢5(z$ﬂy)

else let A’ . =0. Then,

min

A7(A) = min (A;—l (aAfSi(zfi(A))) ,1)
> min (A (0,18 (2has) ) 1) = A,

Q.E.D.
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LEMMA 5. Define,

n'(A) = AJ(AF (A) (5 (A))(g' (A", A7 (A)))? + h'a® A'AT (') Pr(e' > ;7 (25(A))),

then
ONJ(A)  —hia?AI(y')2X7 (A)Pr(e’ > &' (25(A)))
oa SR <0 2
ONY(A)  aS'(25(A))di(25(A))(g" (A% A7 (A)))*
a0 %)
02.(A) Koy NJ(A)AT(NI(A))
oA = a0 (64)
2 ?hiANISH (25 (A)) A (N (A
852]4) _ Y (niEA;) (A7 (A)) =0 (65)
Further,
8aAiTi(A) = a1l —PQA?(A)Si(Z}(A_)) —P]é?\?i(A)Sj(zjf'(A))) (66)
PRR P AP AT (') S (27 (A))AT (A) Pr(e’ > &7 (25(A)))
! ) | )
PRI QP AN N (A)y 57 (24(A)) Pr(e? > @771 (27(A))) A (N} (A))
i (A
0 . _ —a?phATSY(25(A))? i (25 (A)) (g (AT, A (A)))?
aAjT (A) = _ ! i} nz(g) | ! _ ) (67)
a’pphd A ()2 (N (A))* Pr(e? > @571 (27(A))) A7 (N} (A))
+ n7(A) .

Proof of Lemma 5
Let us define:
G(A, A7) = 27— AT (TS (Z (AT, A7)

From the implicit function theorem

OA?

HAi e

O\

nj(a) -2

Aijzxj,j(A)
We first compute the appropriate partials as follows.

9 o 0= laizsi(ai iy 08
9 G(AT, A, N = S
A ATV (AT, 2 (AT, AT))
_ WaPAI()PAYPr(e’ > @71 (25(AY,N)))
AY(NF (AT, Z5(A7, X)) i (25 (AT, M) (g7 (A7, Ni9))?
S —aSH(ZL(AY, N
R EJNWNU) pp— G2, A7)
oA A (A, 3, W)
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AJ 851 1 az}(A’:,‘)\"j)
o L 0z 2i=31 (AT, Nid) oA
ONY G(Az’ A, )\Z]) =1- (X3 i 5
A (A (A7, 2 (A7, A1)

- ~hia2AiAg( )2Pr(€ >(I) (Z}(Ai,)\ij)))
AN (A, 2 (A7, Xi9))) 6, (25 (AT, X)) (g (AT, ) )2

Thus
N (A)
A
_9G
OA?

0G
ONT N =\Y (A

—hia2AT (712X Pr(ef > &7 (1A, A7)
AN (AT, 24 (A7, Xi9))) (2 AT, X)) (g8 (AT, X))2 + hia2ATAI (72 Pr(e > &7 (25(AT, A7)
- —hia2 A (Y2 (A) Pr(st > &, (2,1(A)))
T AN (A) i (1 (A)) (g (AL XT (A)? + hia?AiA ()2 Pr(e > @, (2/(A)))

W:A}j (A)

and
N (A)
OAI
_ 909G
OAI

06
ONTNiT=2T (A

S (25 (A, X)) i (Z5(AT, A7) (¢ (AT, A7) )?
AYONF (A9, Z5(AF, M) i (2 (A7, X9)) (7 (A7, X9))2 + BEa2 ATAT ()2 Pr(e! > @77 (23 (AT, \1)))
_ S’ (2 (A)) iz (A)) (9" (A", A7 (A)))?
AT (8))i(251(A)) (g (AL N (A)))? + hia2AIAI () Pr(e > @7 ' (21(A)))

NT=\Y (A

Define:
hi

H(AiaAjvzj):zj_1+ : - \ji A
gJ(A]v)‘f (Al’zj))

where
X?(Ai, )= A;_l (aAigj(zj)) .
From the implicit function theorem

0zf(A) _ —3as

J OH
0A o

szij(A)
We first compute the appropriate partials as follows. As previously, from the inverse function

theorem, o 3
ON} (AT, 27) _ Oij(zﬂ')
oA A7 (N (A%, 29))
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and B
ON} (A, 27) _ al’ 087 (7) _ —aA'y Pr(e? > &' (27))
0! AL (N} (Al 27)) - 02 AL (N (A7, 27))
Recall,

g (AN =7 +aN Ny + 1,

so that,
g (AT, N (AT 29)) = aAIy 9 )\”(AZ 27)
0z’ A 027 ’ _
_ —@PATN () Pr(e? > @7 1(27))
B A/OF(87,27)
0 i
J )i _ J Ji
S (MM (A1, 27)) = @l A (A )
B a2AJ,yJSJ(ZJ)
AT (A 29))
aAng(AJ,/\; (A" 2))) = a’y’/\J (AT 27)
Thus,
o hidgi (AT, NH(AY, 29)) )0z
iH(AZ,AJ,zJ)zl— g,( | ~f( Z))/ 2
07! (97 (A7, X5 (A7, 27)))?
_ @?hI ATAT ()2 Pr(e? > 7 1(27))
- A”(/\”(A‘ 29))¢5 (24 (AT, M (A7, 29))) (g7 (AT, XF (A7, 27)) )2
—h g7 (AT, N (A, 7)) JOA7
iH(AZ A, 27) = g.( , ~jz’( : Z>)/
aA (g](Aja)‘f (AZ,ZJN)))Q ) )
_ —hay? Xy (A 27)
G (FH(AT, N (AT 29)) (g7 (AT, X (AT, 29)))?
o —hdg’ (A7, N (A, 27)) JOA!
82.H(A1,A3’z1): 9'( ﬂ( #))/
oA (&N AL))?
B —a?hI AJ,YJ S (ZJ)
AT (A 29))65 (2 (A, N (A, 29))) (97 (A, N (A, 29)))2
0z (A)
OAJ
—oH
_ oA
oH

07 |Lizspi(A) ) )
hiay! X (A7, 29) A] (A} (A7, 27))
ATV (A7, 29)) ¢ (35(AT, X (AT, 2))g (A, A;(A )P+ a2hi A ()2 Pr(ed > @5 (29) | ,__ o,
o hian? N (A) AL (N (A)
A7 (N (A)) (257 (A)g7 (AT, N (A)))? + a2hi AIAI ()2 Pr(ed > @71 (247(A)))
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9247 (A)
OA?
_ ol
IA?
ort
0zJ 2J :zjrj (A)

0’ NI ST (27) A7 (A (A, 27))

AV (A7,29)) 5 (21 (AT, 0 (A7, 29))) g7 (A9, XF (A, 29)))2 + 2RI ATAI (79)? Pr(ed > ;! (27))

= —— o*hi AT ST (20 (A) AT (N (A))
AL (8))0; (=77 (A) (97 (AT, X} (A)))? + 02hi A (37)2 Pr(el > B (277(A))

Now,

o ..
_ i Fil i\ AiVE] i i 2f
=5 [L (=) — aA N (A)S (2 )} a8 AAi
9o o N (A)
Vi 2 Jiy 1\Jt QJ [ f
0 55 [A (M) — QAN 89 (2 (A))} WIS

+a(l = pyA} (A)S (24 (A)) = pAT (A) S (2 (A)))

o ox? (A o Gi (249
A5 (A 2L i a) 2L (A)
o o o iamn i OAT(A)
= a1 =P () (2 (A)) P (A)F (2 (A)) — g 515 (a) 22
0z47(A)

Fapb AN (A)y Pr(e! > 2 (A)) 54
= a1 - PNV (A)5 (/1 (A)) ~ s (A)ST (= (A)) |
L BTN (M)A (A) P > @ (2 (A))
A7 (8))6:(27 (A)) (g (AT X7 () + Ha?ATAI (1) Pr(el > @, (2(A))
PRI 0P A AN (A5 (27 (A)) Pr(e? > @7 (27 (A)) AV(NF (A))

+

AT (A)¢5 (27 (A)) (97 (AT, X5 (A)))? +02hi AIAT (77)2 Pr(ed > @5 (277 (A)))

Thus, 5%:7%(A) > 0.

0z;'(A)
zi:zjvi(A) OAI

0
O\t

8)\?(A)
)\ji:A;’i(A) ONAI
957 (247 (A))
) ON7
i oN7 (A) i , , ,
= —ap,A'S' (24 (A)) A7 +ap) AN (A)y Pr(e? > zp7(A))
oA ()0 (A) (AN (A))
AY(NT (A))di(257(A)) (g7 (AN (A)))? + hia2 ATAI (v1)2 Pr(el > &7 (25(A)))

Pl ATV = ad NS (2 (A))]

N7 (A)

—aphA'S (2 (A) A — ap AN (A

9z (A)

AJ

zj=2fj(A)
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L OHNANGPO(A) P > 87 (AN A (A)
AL ()60, (A)g7 (A1 NF(A))2 + a2 AN (37 Pr(ed > B, (= (A)))

Substituting in n‘(A) and n?(A) yields equations (66) and (67). Q.E.D.

Proof of Lemma 4

We wish to show:

0 )
T'(A)| <1
o)
which with | aii T7(A)| < 1 are the conditions necessary for the model to be a contraction mapping®.

This follows immediatedly from assumption 13 and Lemma 5.

We now show the result under assumption 12. As the first term of 55;77(A) is negative and the

second is positive

o QPG (25 ()61 (A)) (g (AT, Y (A))?
‘8AjT(A)’§max< ni(A) ! )
@Pppht A () (NF (A))? Pr(ed > ¢}1(ij(A)))A§’(/\§i(A))>
ni(A)

Thus, it suffices to show that,
n'(A) = a®pyAT(S" (24 (A))) ¢i(25 (A)) (g' (AL, AT (A)))* >0 (68)

and

! (A) = a®ph? A'(47)* (N} (A))? Pr(e! > @5 (247 (A)) A (X} (A)) > 0 (69)
Recall,
n'(A) = AJ(AF (A))¢i (25 (A))(g' (AT AT (A)))* + hia® AT () Pr(e' > @7 (25'(A))),
Therefore, a sufficient condition for (68) is that
PPy AT (S (21 (A)))? < AT (AT (A))

for any vector A. This is guaranteed by assumption 12. Two alternate sufficient conditions for (69)

are that

A > p (N (A))? AL (N (A))

or

(27 (A) (g7 (A7, X} (A)))* > &P AT (7)) (XF (A))? Pr(e? > @7 (27 (A))).

5 These definitions collectively are identical to having a spectral radius less than 1 for our two player game.
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But
(67 (A7, X (A)))? > 2h7 A X} (A))

so for the latter condition it suffices to show
0;(zf7 (A))247 > ap) A X} (A)) Pr(e? > @7 (247 (A))).
Assumption 12 guarantees this. Q.E.D.

Proof of Proposition 2

Taking the contraction mapping for firm ¢:
T'(A) =py(L'(25(A)) —aA N7 (A)S' (25 (A))) +7'p +aA +pi (AT (A (A)) —aA' N (A) S (24(A)))

we can construct the function G(A) = A" —T*(A). From Lemma 5

024(A) 0 024(A) 0 82}(A) 0 8z}(A)

wid ol ol ofa
f ! I f
A <0 o 20 >0, — <0,

which are used in multiple locations to establish the signs of various partial differentiations. We

differentiate G in preparation for applying the implicit function theorem.

0
OA?

024 (A)
ey 08T
9 Xy (A)
N AI=M (A oAf
—a(l=pyA7 (A)S'(27(A%)) = P AT (A) S (27(A)))
057 (z(A)) dz(A)
0z’ . OA?
R T
1 a1 - PN (A)F (4 (A%) - g (A) (5 (A)) )
057(z4(A)) 023 (A) o7 (A)
9z BEEIN A OA!
- haA' A (') Pr(e’ > ;1 (24(A)))
n(A)

0
G(A) =1-p

o [z(zi) ~ aNA;?(A)Si(z)]

b 5 [ATV) —aA NS (2](A))]

ON/(A)
DA

+apb AN (A) +apyA'S'(23(A))

+ap AN (A)

+apyA'S'(23(A))

— 1—a (1Y (A)F(H(AY)

o o lagﬂ(z}(A))
which is true due to the condition in the Proposition statement.

0 0
GriG(A) N ariT(A)

051(:4(A))
0z1

i 9 i o] AbA 0:(A)
=P 8riL(zf(A)) +p1 — ap AN (A) [

zj:zjc(A)
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Applying the implicit function theorem:

i _ oG
OA'  —55

i 0G =
or s

And similarly,

S oN? (A
—app A (24(A)) g( :
, , A , A dzl  d\?
P~ a1 A NEE ~ 25(A) ]+ 20 ifpi > ph since 2 =L~
0
= o (A) |
§ Ady i (A)
—apzﬁ/\ (A)y Pr(e/ > @) (z4(A ))) >
9 i+
i 7 3 _ 2 <
(951 = b L (2(A)) = pEI(E) AU
8h3 A) 4 g
foszA )\“(A)’yj Pr(e? > @;%z}(A)))(fj +ozAj)\if(A)'yj) <0
i (25(A))[g7 (A, N} (A)))? -
= ) 8,yii(2}(A)) — apy A'E[(e' — 25(A)) TN (A)
o ONY (A)
PRl S (2 (A) —5
—rphaBl(e’ — 2}(A))] — apbAE[(e — 2H(A)) AT (A)
oA (A Bl - (M)
A (N7 (A)) B
i Flel i _aG i 0G i 8G
J %: 83; >0, 6Ai = aifbl <0, 84 = aac?] <0, LAi: a@z <0.
ol g5 oh DAT o i 9y DAT
dz}(A) hi(1—a(l—7%) 0z5(A) A
C_i?(“’ | ¢z(z(f() N (A, /\ (A))z - 0AT ort
dz% (A 0z} OA! 2
8 9% S _
dri OA!  Ori _? §1nce ri 0 ‘
d(A) S HadN (AN o5(a)on
d’(’“) <bz'(lz(§c(?))[9"(A7A}J(A))]2 AN
dz (A 0z%(A) OA’ dzt
8 _ 9% < : _
dh AT Ol <0 since ah 0
dNY (A) _ ozSJ(zf( )) OA! >0
drt - A//()\N(A)) ori —
dX} (A) _ S (z }(A)) OA? -
dri AL (N (A)) o
IAf(A) _ a8(z(A)) oA
ah T AN (A) R S
DJ(A) _ as!(z}(8)) oA
dhi AN (A)) Ob
D(A) _ aSI(:(A)) o
By AIN(A)) 07
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Q.E.D.
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