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Appendix A: Symbols Used

V(~,1) =7(y) —7m(y©1) for i € Uy where v € I', the production value of supplier 7 in state -y
®,0 operators that map a state-unaudited-supplier pair to a state; used in defining
dynamic program

a cost of auditing a supplier

A, B tier-1 firms

a, B parameters of the demand function from customers downstream to the buyer

C the buyer

C; strategy space of firm 4

Dy(4) set of dependents of supplier ¢ in supply network g

@4, €p an exclusive supplier to firm A and that to firm B, used in notation for AD and AR
decisions

g supply network

g0 the null supply network

v=1(g,U) state in the auditing phase

r state space of the auditing phase

I'r set of terminal states

Do) selling price of buyer

DP(1) selling price of tier-1 firms to the buyer

D(2)i selling price of tier-2 suppliers to tier-1 firm ¢

(%) buyer’s production profit in state ~y

e profit of firm ¢ from production activity

qi total quantity produced by firm 3

r cost of rectifying a noncompliant supplier

R () set of states reachable from state v

S, quantity supplier j produces for downstream firm ¢

$ a shared supplier, used in notation for AD and AR decisions

Sa, Ss set of exclusive suppliers to tier-1 firm A and that to firm B

Sin set of shared suppliers

Sg set of suppliers in supply network g

S(k) set of suppliers in tier k=1,2

U probability that an unaudited supplier is noncompliant
U, set of unaudited suppliers in state -y

U union of sets of unaudited suppliers in any state in '
14 value function in auditing phase

1% optimal value function in auditing phase

1% state value function in auditing phase

% optimal state value function in auditing phase

Vg unit production cost in tier k

v sum of production costs per unit across tiers

w probability that violation at a supplier will be exposed, given that it is noncompliant
X5 set of admissible actions at state «y

X union of sets of admissible actions in any state in I
I3 auditing policy

= set of all auditing policies

z cost to the buyer of an exposed violation

Z set of state-unaudited-supplier pairs

() expected total penalty from violations on state y

Appendix B: Effect of Probability of Noncompliance
What is the role of the ex ante probability of noncompliance u in the auditing activity and the level of
risk in the supply network resulting from the auditing phase? We consider a state with supply network

g=({A,B},{1,2},{4},{3}) (as in Figure 1) in which all suppliers are unaudited, with values of parameters
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Figure B.1 Auditing and Risk as Probability of Noncompliance Varies

(a) Expected Number of Suppliers Audited (b) Probability of Exposure in Production Phase
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State v = (g,U) where g = ({a,B},{1,2},{4},{3}) (Figure 1) and U = S,. Parameters a =100, 8 =10, vr =2, a =1,
r=20, w=0.5. (In the left panel, the graph for z =12 coincides with the horizontal axis.)

a=100, =10, vy =2, a=1, r =20, and w = 0.5. Figure B.1a shows the expected number of suppliers to
be audited throughout the auditing phase as u increases from 0 to 1 for various values of penalty z; this
expectation is taken over all possible sample paths of whether any supplier passes or fails an audit under
the optimal auditing policy. Figure B.1b shows the corresponding expected probability of the exposure of
violation at any remaining unaudited suppliers in the supply network after the auditing phase. Given state
7 at the conclusion of the auditing phase, we calculate the probability by 1 — (1 — uw)'Y~! where uw is the
probability of an unaudited supplier being noncompliant and subsequently exposed and U, is the set of any
unaudited suppliers at state v (these are the only suppliers which could possibly violate in the production
phase). The set U, is the culmination of the path-dependent auditing process.

In Figures B.1la and B.1b, a jump from one smooth segment on a curve to the next smooth segment
represents a shift in the auditing policy. For low values of z (e.g., z < 12) the buyer conducts no audits at all
regardless of the probability of noncompliance; the number of suppliers to be audited remains zero and the
network’s probability of exposure increases monotonically in u. With higher z the buyer starts to audit once
u reaches a threshold, which decreases as z gets larger. For example, compare the z = 22 to the z = 12 curves:
for z =22 when u > 0.27 the buyer is sufficiently concerned about noncompliance that some auditing will
occur, resulting in a corresponding drop in the probability of exposure, relative to the z =12 curve. Overall
as u increases the expected number of suppliers audited first shows an upward trend, reflecting the buyer’s
greater concern of the potential penalty from violation, leading to more audits. The expected number of
audited firms trends downward, however, as u increases further. With a higher probability of noncompliance
the business becomes too risky so the buyer turns to auditing the tier-1 firms directly. The buyer expects to
drop these tier-1 firms, along with their tier-2 dependents if the tier-1 firms turn out to be noncompliant,
thus avoiding the cost of conducting those tier-2 audits (highly likely to be noncompliant). As u approaches

1, the expected number of audits approaches 2, because the buyer audits firms A and B (which are very likely
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to fail the audits), thus dropping them and killing the business. Figure B.1b reflects the same effects: the
probability of exposure in the network first exhibits an overall upward trend with increasing u but eventually
falls to zero as the buyer drops both firms A and B, and consequently the entire supply network, thus avoiding
risk entirely.

Neither figure shows a generally monotonic pattern. As u increases, driven by the higher probability of
noncompliance the buyer adopts an increasingly aggressive approach to auditing, concomitantly reducing
in the probability of exposure (Figure B.1b). Ultimately, such auditing may be exhaustive (leaving no firm

unaudited) to ensure full compliance or to extinguish the business.
Appendix C: Proofs for the Production Phase
C.1. Existence and Uniqueness of Equilibrium

ProrosiTioN C.1. Given the buyer’s input price p(1), there exists a unique optimal quantity g which

solves the buyer’s problem Py. Moreover, the resulting inverse demand function faced by the tier-1 firms is

P{1)(¢c) = a —vo — 2B¢c. (C.1)
Proof.  Substitute (6) into (7) and differentiate to get
O7e
P = —Bqc + (= Bgc — o —p(1)) (C.2)
qc
0?7,
- =24, C.3
92 p (C.3)

Since 8 >0, (C.3) implies that 7 is strictly concave. Hence a quantity ¢. maximizes 7 if and only if it sets

%’q’: =0 in (C.2); the unique such ¢ is given by

26 28"

We rewrite it in the form of an inverse demand function to obtain (C.1). O

« o — U p
g =" 20 (C.4)

PROPOSITION C.2. Given the tier-1 vector of input prices p(2) = (P(2):)ies1), there exists a unique equi-
librium in pure strategies qf,, of the game Pr. Moreover, the resulting inverse demand function faced by the
tier-2 firms supplying firm i is (for i € S(1))

P?2)i(Q(1)) =a—wvy—v —468q — 28 Z qi- (C.5)
i/eS(1)\{i}

Proof. Substitute (C.1) into (8) to get tier-1 supplier i’s profit

;= (@ —vo — 2Bqc — V1 — P2y ) Gi- (C.6)
Substitute (9) into (C.6) to get
mi= | a—vo—v1—p)—28 Z 9 | %- (C.7)
jes(1)
Then
67Ti
£ =a—vy—v1 — Py — 46q; — 28 Z 4q; (C.8)
@ JeS(\{i}
&*m;
o =—4p. (C.9)

oq?
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Given 8> 0, (C.9) implies ; is strictly concave in ¢;. Given any other tier-1 firm’s decision, a quantity g;

maximizes 7; if and only if it sets g:: =0 in (C.8); the unique such g; is
1 Q. — Vg — V1 — P2)i
= E . ) C.10

JES(D\{i}
Hence a strategy profile q(1) = (¢;)ies(1) is an equilibrium of the tier-1 firms’ game P; if and only if it solves
the system of linear equations (C.10) for all ¢ € S(1).
If |S(1)] =1, let ¢ € S(1), then it is clear that (1) = ¢; = %;7”2” is the unique (degenerate) equilibrium
of the game P;. If |S(1)| =2, i.e., S(1) = {A, B}, we write the system (C.10) as

14 a—vg—v1 1 [pea,
2 S . . C.11
{é 1] N T {p@)s (1

R . . . Lo .
Clearly the matrix [ 1 ﬂ is invertible; hence the system (C.10) has a unique solution, which is the unique

equilibrium of the game P;. We rewrite (C.10) in the form of an inverse demand function to obtain (C.5). O

PRrROPOSITION C.3.  (a) A tier-2 supplier j’s profit w; is strictly concave in s;.

(b) There exists a unique equilibrium of the game P, of Cournot competition among tier-2 suppliers in
the first stage of the production phase.

(¢) Given the inverse demand function (C.5) from tier-1 firm i that its tier-2 suppliers collectively receive,

for j€S;, i€ S(1),

o (s(2y)
éTfj) = _4ﬂ5j,i + |a—vp — 46 Z Sjri— 25 Z Z St (012)

F'€S;USsp i/€S(\{i} \J'€S;7USas

and for j € Sys and i € S(1),

o,
7%((:;)):—4633»,14— a—uvp —40 Z S0 — 20 Z Z 8140 —2p Z 8.1

j'€S;USas i’eS(1)\{i} \J'€S;1USss i'eS()\{i}
13)

Proof. (Part (c)). For exclusive supplier j € S;, i € S(1), substitute (C.5) into (11), replace vg + vy + v2
with vy, and then substitute (13) to get

m=|a—vr—408q — 20 Z qir | Sii (C.14)
i7e€S(1)\{i}
= O[—’UT—4ﬂ Z S5/ —2ﬁ Z Z Sjt it Sji- (015)
§'€5;UShs ireS(1)\{i} \J'€S, USus

Differentiate (C.15) with respect to s;; to get (C.12). For shared supplier j € S,s, substitute (C.5) into (12),
replace vg + v + vo with vy, and then substitute (13) to get

i€S(1) i’€S(1)\{i}

Z oa—vr—48 Z Sj1i—28 Z Z s || 84 (C.17)

i€S(1) j'€S;USan i'€S(\{i} \J'€S;7USas
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Differentiate (C.17) with respect to s;,, ¢ € S(1), to get (C.13).
(Part (a)). For exclusive supplier j € S;, i € S(1), differentiate (C.12) with respect to s;,; to get

Om _ _gp. (C.18)

5L =
0s3,

Therefore 7; is strictly concave in s; = s; ;. For shared supplier j € Sy, differentiate (C.13) with respect to

;.. and with respect to s; . for i € S(1)\{i} to get

827Tj 827Tj
= — —_ = _4 . '1
0s3, 8 and 08,1085, g (C-19)

Hence the Hessian of m; with respect to s; is [_ig _gg} which, given that g > 0, can be easily verified to

be negative definite. Therefore 7; is strictly concave in s; = {s;;}ies(1)-

(Part (b)). (Existence.) The strategy space C; of tier-2 supplier j is a nonempty compact convex subset of
R (if j is an exclusive supplier) or R? (if j is a shared supplier). The payoff function ; of supplier j (C.15)
(for exclusive supplier j) or (C.17) (for shared supplier j) is continuous in the strategy profile (s;);es(2) and
strictly concave, hence quasi-concave, in supplier j’s own strategy s;. By Proposition 20.3 in Osborne and
Rubinstein (1994), there exists a pure-strategy equilibrium of the game among tier-2 suppliers in the first
stage.

(Uniqueness.) We use the method due to Rosen (1965). As we have seen, the strategy space C; of supplier j
is convex, closed, and bounded. 7; is continuous in the strategy profile and concave in supplier j’s strategy.
Label a tier-1 firm A and, if there is a second one, label it B. Label S(2) = {1,...,n}, where n =|S(2)|,
such that {1,...,t,} are tier-1 firm A’s exclusive suppliers, {¢t,+1,...,t, +t,5} are the shared suppliers, and
{ta+tiss+1,...,n} are tier-1 firm B’s exclusive suppliers (any of the subsets could be empty, but at least
S(2) is nonempty, i.e., n>0). Let x = (s;),cs(2). We choose r =1, =(1,...,1)" € R" as the weights for the

payoff functions in o(x,r) in Rosen (1965). Then the pseudogradient of o(x,r) =o(x,1,) is

g9(x,1,) =
T
aﬂ-l aﬂ-tx aﬂ-t,\‘i’l 87Tt.A+1 aTrtA+tAli aﬂ.t/rf’t,m aﬂ.t,«"rt:xn*Fl aﬂ-” Rt,\—‘erAB-‘rtB
) ""78 ’6 78 7"'78 ’8 ’8 7"'78 S
Sl,A Sth St,\"l‘LA StA+1vB st1\+tA\ByA StA+tAB1B St/\+tAB+17B STL,B

(C.20)
By (C.18), (C.19), (C.15), and (C.17), the Jacobian G(x,t,) of g(x,t,) with respect to x is equal to
—2BA(ty,ts,tas), a symmetric matrix. Hence G(x,1,,) + (G(x,1,,))T = —48A(t4, s, t5), which is negative def-

inite for any x € [] C; by Lemma 1.3 in Appendix I and that § > 0. By Theorem 6 in Rosen (1965),

J€S(2)
o(x,1,) is diagonally strictly concave. By Theorem 2 in Rosen (1965), the equilibrium of the game among
tier-2 suppliers in the first stage of the production phase is unique. [

Proof of Theorem 1. By Proposition C.3, there exists a unique equilibrium (s});ecs(2) of the game in the
first stage among tier-2 supplier; let (pa)i)ies(l) be the resulting selling prices of the tier-2 suppliers. Given
(pa)i)ies(l)7 by Proposition C.2, there exists a unique equilibrium q() of the game in the second stage among
tier-1 firms; let 2N be the resulting selling price of the tier-1 firms. Given Pl1ys by Proposition C.1, there
exists a unique optimal solution ¢} to the buyer’s problem in the first stage; let P{o be the resulting selling
price of the buyer. Hence the tuple of prices and quantities (p?o),pzl), (p&)i)ies(l),q;,qzl), (S;)jES(2)> is the

unique production phase equilibrium. [
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C.2. Equilibrium Characterization

We begin with a simple relationship between the buyer’s equilibrium production quantity and profit:
PRrROPOSITION C.4. The buyer’s equilibrium profit is 7} = 8- (q2)?.

Proof.  Substitute (6) for p«y and (C.1) for pyy in (7). O
In equilibrium the buyer’s production profit depends only on the buyer’s quantity of production g, which
is also the total quantity produced by the supply network.

The following proposition provides closed-form expressions for the equilibrium quantities. We define func-

tions L, s, S,,q: R = R to facilitate representation of the equilibrium quantities.

L(z1,70,73) = 421 + 475 + 873 + 37179 + 47123 + dT973 + 425 + 4 (C.21)
Se(w1,72,73) = %a ;UT (22(;—1 ’Qxx;’ Ij) (C.22)
8s(71,22,73) = %a TGUT <_I1[Iji2x:_, it; + 2) (C.23)
Gy (21,72, 75) = éa —611T (41‘% +4x23 +2J(:;T?xt,tz?’) + 621 + 3x1m2> (C.24)
G0, T i03) = %a vaT <3:L'1 + 322 +4as +L4(:19:611x71:;lj)2x3 +3x122 + 4x§> ' (C.25)

PROPOSITION C.5.  (a) If t, < 2ty + 2t + 2, in equilibrium:
i. Exclusive supplier j € S; to tier-1 firm i € S(1) chooses supply quantity s§; = s.(t;,t_;,t,s) where
—ie{a,BI\{i};
ii. Shared supplier j € Sys chooses supply quantities s} , = s, (tasts, tan) and 87 =5 (te,ta,tan);
ili. Tier-1 firm i€ S(1) chooses supply quantity q; =t;5.(t;,t_;,tan) +tanss(ti, t_ss tas) = q1) (List—istan)
where —i € {A,B}\{i};
iv. The total quantity the supply network produces is

QZ = tASe(tAa ts, tAB) + tBSe(tB7 tAvtAB) + tAB(S.S(tA7 ts, tAB) + Ss(tB) ta, tAB)) = Q(tm ts, tAB)' <C~26)

(b) If ty = 2ty + 2t,s + 2, in equilibrium:
i. Firm A’s exclusive supplier j € S, chooses supply quantity Sia= Se(tasts + tap,0);
ii. Firm B’s exclusive supplier j € Sy chooses supply quantity s; , = sc(ts +tap,t4,0);
iii. Shared supplier j € S.s chooses supply quantities 5, =0 and s; , = sc(ts +tup,t4,0);
iv. Firm A chooses supply quantity q; =t,s.(ty, ts +t.5,0) = Gy (ta, ts + tas, 0);
v. Firm B chooses supply quantity q; = (ts +tap)se(ts + tan, ta, 0) = 1) (ts + tas, 14, 0);

vi. The total quantity the supply network produces is
@5 =taSe(tasty 4145, 0) + (s +tan)Se(ts + tan, 14, 0) = G(ta, ts + tag, 0). (C.27)
Proof. Tier-2 supplier j’s problem is

(P2);) max  7;(s(2)) (C.28)

subject to s; > 0. (C.29)
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By Proposition C.3(a), 7;(s(2)) is concave in s;. With merely the nonnegativity constraints, constraint
qualification always holds. Therefore the Karush-Kuhn-Tucker (KKT) conditions

&Té:(f)) <0, with equality if 57, >0, (if j€S;,i€ S(1); or for i € S(1) if j € Syp) (C.30)
are necessary and sufficient for s* >0 to be a global maximizer. Given (%), es(2)\ (5}, if 87 solves Pay;, then
s; is a best response to (s},);res(2)\ (- If for every j € S(2), s is a best response to (s},);res(2)\ (3. then sj,
is an equilibrium in pure strategies of Ps.

(Case (a)). We note s.(x1,xa2,23) > 0,Vz1, 22,23 > 0; hence the supply quantity of every exclusive supplier,
as defined using s., is positive. If there exists a shared supplier j, then by the assumption ¢, < 2ty + 2tz + 2
and the expression in (C.23), 57, = s,(ts,ts,tas) = 0. Since ty > ty, 87, = 5,(ts, ts,tas) > 0. s} as defined is
nonnegative for every j € S(2).

Substituting supply quantities in parts (a)i—(a)ii into (C.12) and (C.13), following some algebra, we verify
that % =0 for i€ S(1) and j € S;US,5. Therefore S{2) satisfies the nonnegativity constraints and the
KKT conﬁitions (C.30) for every tier-2 supplier j € S(2). Hence S(oy is an equilibrium of P,.

We verify part (a)iii by substituting the values of s7 , in parts (a)i and (a)ii into (13) for the corresponding
quantities, and substituting (C.22), (C.23), and (C.24). We verify (C.26) by substituting (13) into (9), then
substituting the values of s}, in parts (a)i and (a)ii for the corresponding quantities.

(Case (b)). Except for s}, = 0 for a shared supplier j, the supply quantities in parts (b)i-(b)iii are defined
using s, and, as such, positive. Therefore s* as defined is nonnegative for every j € S(2).

Analogous to case (a), substituting supply quantities in parts (b)i—(b)iii into (C.12) and (C.13), following

5 (s72))
8s;‘i

some algebra, we verify that =0 for exclusive supplier j € S;, i € S(1), and for shared supplier

7 €S, and ¢ = B. We only need to verify that < 0 for every shared supplier j € S, to verify the

B
KKT conditions (C.30). We substitute the supply quantities s, into (C.13) to find

om; (5:2))
381-’,4

orj (52‘2))
Sja

=a—Ur — 4BtAse (tm ty + tas, 0) - 2B(tB + tAB)Se (tB + tag, La, 0) - 2/386 (tB +tag, La, 0) (C'?’l)

=a—vp —4BtsSc(tayts + tan, 0) — 28(ts + tan + 1)Se(ts + tap, ta, 0). (C.32)

L(z1,29,23) is symmetric in x; and x5 in the sense that L(zy,29,23) = L(2a,z1,23). Let L= Lty ts +

tan, 0) = L(ts + tas, t4,0). Substitute the definition of s, into (C.32) to get

om; (s ta(ts +tap +2 ta+2)(ts+tas+1
MZG_UT_2(Q_UT)A(]3+ZM3+)—(04—UT)(A+ )(BE+ s+ 1) (C.33)
oA
1
=(a—vy)|1— f(?utAtB + 3tatan + 5ta + 2t5 + 28,5+ 2) (C.34)
1
= (a—vT)f(—tA+2tB+2tAB+2) (C.35)

which is nonpositive by the assumption a > vy and the premise t, > 2t; + 2,5 + 2.

We verify parts (b)iv and (b)v by substituting the values of s¥, in parts (b)i-(b)iii into (13) for the
corresponding quantities. We verify (C.27) by substituting (13) into (9) then substituting the values of s},
in parts (b)i—(b)iii for the corresponding quantities. O
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C.3. Comparative Statics

In this section, we consider only the case o > vp. (If @ =wvp, by Proposition C.5, every supply quantity
is zero.) All comparative statics results, except those on ¢ and 75, are applicable only to non-null supply
networks. To facilitate the proofs we introduce an alternative notation of a supply network in terms of ¢,, the
number of exclusive suppliers to firm A, t; the number of exclusive suppliers to firm B, and t,; the number
of shared suppliers. Specifically, we define an operator (-) : N3 — G by

({Aa, B}, {1, ta b, {ta+ 1, ..ty + 15},

, ifty+tyy>0and ty+t, >0
{ta+ta+1,.. b4ty +t}) R B

(tastortan) =< ({A},{1,. .. ta+ 1}, 0,0), ifty 4ty >0and ty+ty=0. (C.36)
({B},@, {17 o ‘utB +tAB}7®)> 1f fA +tAB =0 and tB —‘rtAB > 0
9o, ift,+t,y=0and t;+t,z =0

Let f be a variable that arises from the production phase equilibrium (quantity, margin, profit, price, market
share). We denote by f(g) = f(ts,ts,trs) the value of this variable in supply network g = (t,,tg, tas). We fur-
ther denote Ay f(ta,ts,tan) = f{ta + Lt tan) — [{tastn, tan), Do f(ta s, tan) = f(ta,ts + 1tan) — ftasto, tan),
and A (Lo tan) = F(tas ot 1) — FlEr s ).

Proof of Theorem 2. We begin by noting a few relationships between the equilibrium variables. By the
definition of p(p) and (C.1),

m)=(a—Bq) — (a—vo—28q}) —vo = Pq}. (C.37)

By Proposition C.4, 7} = B(q2)%. Therefore, ¢, m}, and 7} always change in the same direction, which is
opposite to the change in pf,, by (C.1). Hence the direction of the change in any one of the four variables

determines those of the other three. Let i € S(1). By (C.5),

P2y = —vo —v1 —4B¢; —28(¢¢ — ¢7) = a —vo — v1 — 2Bq] — 2B¢;. (C.38)
Then by (C.1),
m; = (a—wvo —2B¢7) —v1 — (v —vo — v1 — 2B¢; —2Bq7) = 2Bg; - (C.39)
By (8),
™ =m;q =26(q;)%. (C.40)

Therefore, ¢, m;, and 7} always change in the same direction. Finally, pi =1 — p}.

Given the characterization of the equilibrium in Proposition C.5, we directly calculate the change A, f(g)
in each equilibrium variable f, factor the expression when appropriate, and then check its sign, for k =1,2, 3.
We illustrate the procedure for A; f(g) only, which involves incrementing t,. We consider cases which satisfy
ty < 2ty + 24y + 2 and ¢, + 1 < 2t + 2t + 2 so that Proposition C.5(a) is applicable before and after
incrementing t,. We also elaborate on As f(g) for f € {¢f,m:,7:} when t, < 2t; 4 2t,; +2 that results in the

)

peculiar case of the cell with “+/—" in column (IIT) of Table 1 in the proof of Proposition C.6 that follows.

With some algebraic computation we find

(o —vp) (ty + 2y +2)°
: _ 41
A1QL(9) /BL(tA,tB7tAB)L(tA+1’tB’tAB) >0 (C )
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since @ > vy and L(x1,2a,23) > 0,V21, 22,23 > 0. Since ¢, m?, and 75 always change in the same direction,

*

opposite to the change in Pl1ys We have the results for m}, 7, and D1y 8s well.

2 —vp)(tap +ts +1)(2tas + s + 2)

A qi(g) = > 0. C.42
L T H (VAN VA S R (C.42)
This gives the results for ¢}, m}, and 7%. Similarly
Al q* (g) _ (a —Ur tB(2tAB + tB + 2) < 0 (C 43)
B - .

_BL(tAatBatAB)L(tA + 17tB7tAB)
This gives the results for ¢, m}, and 7.

2(a—vr)(2tas +ts +2) (4t s + 3t, +4)
L(ta,ts, tan) L(ta + 1, tn, tan)
4(a—vp)(tap +1)(2tas + 15 +2)
L(ta,ts,tag) Lty + 1,15, t.5)

A1 pi)al9) == <0 (C.44)

Ay ploys(9) = — <0. (C.45)

Finally,

3(2tup + ts +2) (2t 45 + 3ts)

412, + A tyy + Aoty + At sy + 3ty + Bty + 3t,) (412, + Al try + Aot sy + Stap + 3ts + 3tuty j(L 6t J)r 3)
C.46

A pi(g) = >0
1Pa (g) 2(

(“> 0" if t; + t,s > 0) which gives the results for p? as well. O
Proposition 1 is a simplified version of Proposition C.6:

ProrosiTiON C.6. Given supply network g € G where t, < 2ty + 2t + 2, adding a shared supplier to g

*

increases equilibrium variables ¢, my, and w5 if and only if

33t2 + T2t yt s + 108t, + 4812, + 144t ., + 100 ty 3
th <O(tn,tan) = V33 e Z AP a —tap — ZB -5 (C.47)

Proof. As we have shown in the proof of Theorem 2, ¢}, m?, and 7} always change in the same direction.
Hence it suffices to show the effect on ¢;. Using the result from Proposition C.5, we find

2(c0 — vp) (dbatay — 4t2, — 8tylay — 128,y + 262 + Lyt + 6ty — 42 — 12¢, — 8)

Asqi(g)=— C.48
24:(9) BBL(tx, b an) Lt oy s + 1) (C.48)

Since L(x1,x9,23) >0,V 29,23 =0,
sen(As gt (g)) = sgn(— (4t tuy — 412, — Styutan — 12t + 2t + tyut, + 6ty — 412 — 12t, — 8)) (C.49)

Note that what is inside the sgn operator on the right-hand side of (C.49) is quadratic in ¢, with coefficient

—2 on t2 and two roots in R as follows:

1

tie = (=6 —ty — 4ty — VT2t + 4812, + 144t ., + 3312 + 108t, 4 100) (C.50)
1

b = 5 (=6 —ts =4t + /T2t t s + 4812, + 144t ,, + 3312 + 108t, + 100) (C.51)

It is clear that ¢, < 0. We next show that 0 <t,, <2t + 2t,; + 2. Note

(\/T2t st ap + 4812, + 144t + 3312 + 108t + 100)2 — (—6 — b — 4t,5) = 32(t5 (2t an +3) +12, +3tas +12+2) >0
(C.52)

SO

VT2t + 4812, + 144t ., + 3312 + 108t + 100 > | — 6 — t, — 4t 5y (C.53)
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which is equivalent to ¢, > 0. On the other hand,

2+ 2ty +2) —toy = 12t + 9t + 14 — /365 (2t 1 + 3) + 4(12t2, + 36t + 25) + 332 ) . C.54
+ AB B

e~ =

Now

(12t 4 Otp + 14)2 — (/3615 (2t an + 3) + 4(12¢2, + 36t 5 + 25) + 33t2)?

= 837 + 612 + 60ty + 2412, + 9t (5 +4t,,)] >0  (C.55)

which implies (C.54) is negative. Therefore, when ¢, < 2t + 2t +2, As(¢d) >0 if £, <ty and Az(gf) <0
ift, >ty O
Proof of Proposition 2. Similar to the proof of Theorem 2; by calculating, factoring, and observing the

sign of the relevant difference. [

Appendix D: Proofs for the Auditing Phase

We define V : 2 x I' — R as the value function. Let V(£,7,z) be expected value of choosing z € X., when

in state v € I' and following policy £ € = thereon. Therefore, given auditing policy £ € Z and state v € T,
V(&) =VI(£7.£(7)), and

V(&,7,pP) =7(y) — C(7) (D.1)

and given 1 € U,,
V(£,7,aD(i)) = —a+ (1 —u)V (&, y@i) +uV (£, S1). (D.2)
V(&7 AR(D)) = —a+ (1 —w)V(E,7 @) +u(—r + V(€7 D1)) (D.3)
=—a—ur+V(&yDi). (D.4)

Recall from Section 5.1 that RP is a shorthand for “audit and rectify (AR) all remaining unaudited suppliers
if a+ur <wwz and proceed to production (PP) otherwise” and cpp = (uwz) A (a+ur) is the cost associated
with each unaudited supplier in the RP subphase. For any v € I' and £ € E we write V* (v,RP) = V(¢ A, RP) =
7(7) = cue| U, |-

Given state vy €T, let RT(y) CT be the set of states reachable from ~ (including ~ itself): v' € RT(y) if
and only if there exists a policy £ € = such that «' is reached from - with strictly positive probability by
following &.

D.1. Two Subphases of Auditing

PROPOSITION D.1. The buyer can be at least as well off by postponing all audit and rectify (AR) actions

to after all audit and drop (AD) actions.

Proof. Let £ € E be such that there exists v=(g,U) €T, i € U,, and j € U, g; such that

€)= ARG) and  E(y@i) = AD(j). (D.5)
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(If there does not exist such a triple of 7, ¢, and j then in £ already all AR actions come after all AD actions.)

We specify a policy £ € = otherwise identical to £ but with the sequence of the above two actions swapped,

namely,
) =¢(v), v el\{v.vaei,vei}t (D.6)
§'(v) =Ab(j) (D.7)
§(v@j)=ar(i) (D.8)
AR(1), if i D,(j)
§f(ved)= { o N (D.9)
£(vey), ifieDy(f)
It suffices to show V(£',v) = V(&,7).
Now
V(£,7) = V(£ 7, AR()) (D.10)
=—a—ur+V(y®i) (D.11)
=—a—ur+V(&~®1i,A0(j)) (by (D.5)) (D.12)
=—a—ur—a+t(l-w)V({,y@i®j)+uV({,y@io]) (by (D.2)) (D.13)
and
V(€,7) =V(€,7.AD())) (D-14)
=—a+(1-w)V(E,yj)+uV(¢,voj). (D.15)
There are two cases of i:
o Case 1: i ¢ D,(j). Then
V(€ 7)=—a+(1-w)V(¢,y®jAR®) +uV (£,70,AR(i)) (D.16)
=—a+(l-u)(—a—ur+ V(' ,v&joi)
t+u(—a—ur+V(E,vojid®i)) (D.17)
— —a—a—ur+ (1—u)V(€,7® &) +uV (€70 B1) (D.13)

Note that &'|r+(vajoin) =& r+ (vaiwj)s 0 V(7@ @1) =V (§,7Di®j). Since i € Dy(j), yoj®i=7®iO].
Also, &' | g+ (yojoi = &l r+ (vaioj)- Hence, V({',voj@i) =V ({,y® 16 j). Therefore by comparing (D.13) and
(D.18) we conclude V(&',7) =V (&,7).

o Case 2: i€ D,(j). Immediately, y®ioj=v6].

V(€l7’7) =-—a-+ (1 - U)V(f/,’y@j,AR<i>) J'_’U’V(g//yej) (Dlg)
=—a+(1-u)(—a—ur+V({,ySjoi))+uV({,vS)) (D.20)
=—a—(1-u)(atur)+(1-w)V(,y@jDi)+uV(,707). (D.21)

Same as above, since &'|z+ (vaioi) = &R+ (veios)

V(g yeijei)=V(roia]). (D.22)
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Since i € Dy(j), &'(v©j) =&(v© 7). Hence &'|p+(raj) =&|r+(1ej)- By 7®107 =707,
Vg y@iog)=V(Erei)=V(E,vei). (D.23)
Substitute (D.22) and (D.23) into (D.21), then subtract (D.13) to obtain
VE,y) -V, y)=a+ur—(1—w)(a+ur)=ula+ur) >0. (D.24)

This completes the proof. Note that the buyer is strictly better off by swapping the actions AR(7) and AD(j)
(as in &) if and only if i € D (j) and u(a+wur) >0. O

PROPOSITION D.2. Limit the buyer’s actions to audit and rectify (AR) unaudited suppliers and proceed to
production (PP). The optimal auditing policy is to audit and rectify all unaudited suppliers in any sequence

if a+ur <uwz and to proceed to production if a + ur = uwz. Furthermore, given v €T,
V*(3) = 7(9) — [(ww2) A (a -+ un)][Uy] = w(3) — cuolU, . (D.25)
Proof. Given v €T and i € U,, by (2) and the definition of ,
V*(7,PP) = m(v) — uwz|U, . (D.26)

We prove the result by mathematical induction on the number of unaudited supplier in the state, |U,|. If

|U,|=1, let i € U,, then v @71 is a terminal state. By (5),
V*(1,AR())) = —a—ur + V*(y@i) = —a—ur + (v ®i) = —a — ur + 7(7) (D.27)

since states v @i and v have the same underlying supply network, which determines the production profit.
Note V*(v,AR(4)) is independent of i. PP is preferred to AR(i) iff V*(,PP) = V*(y,AR(3)), or 7(v) — uwz >

—a—ur+7(y), or a+ur > uwz. Hence,
V*(v)=m(v) — (vwz) A (a+ur). (D.28)
By mathematical induction, suppose if |U, | =m,
V*(y) =7(v) — m[(uwz) A (a +ur)). (D.29)
Now if |U,| =m+ 1, pick arbitrary i € U, then |U,s;| =m. By (5) and (D.29),
V*(7,AR(i)) = —a —ur + V(Y ®i) = —a — ur + 7(y) — m[(uwz) A (a + ur)). (D.30)

PP is preferred to AR() iff V*(y,PP) = V*(v,AR(i)), or 7(y) — (m + Duwz > —a — ur + 7(y) — m[(uwz) A
(a+ur)], or a+ur+m[(uwz) A (a+ur)] = (m+1)vwz, which holds iff a +ur > vwz, as we wanted to show.

Finally, to complete the induction step, note

V*(vy,PP), if a+ur > uwz
V*(y)=< _ (D.31)
V*(v,AR(7)), if a+ur <uwz
{ﬂ'(’y)— (m+ Duwz, if a+ur > uwz
= (D.32)
—a—ur+m(y) —m(vwz) A(a+ur)], if a+ur <uwz
=7(y) — (m+ D[(vwz) A(a+ur)]. O (D.33)

Proof of Theorem 3. The result is a direct consequence of Propositions D.1 and D.2. [
Proof of Corollary 1. The result follows (D.25) in Proposition D.2. O
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D.2. Optimal Auditing Sequence

We first identify an optimal policy in a general class of supply networks in Theorem D.1, the proof of which

serves as the basis for our proof of Theorem D.2, an expanded and technical version of Theorem 4.

AssuMPTION D.1 (decreasing differences of production profit). For any v € T' and any i,i €
Ui ¢ D, (i),
V(y,i")<V(yoi,i). (D.34)

To state the next assumption, we define a concept of symmetry for suppliers.
DEeFINITION D.1. In state v = (g,U) two unaudited suppliers i, € U are symmetric (1) if they belong to
the same class of tier-2 suppliers Sy, Sy, or S,s; or, (2) in the case of |S,| =1|S;| and |S,NU| =[S, NU], (i)

ifie S, and i’ € Sy, or (ii) if i = A and ¢’ =B.

AssuMPTION D.2 (preservation of LVUS). Let v €T and ¢ be an LVUS in v. Let i’ € U, that is not
symmetric with i. Then i is an LVUS in v& 1, i.e.,

V(yei,i)<Vyei,i), Vi'"eUu. (D.35)

Under Assumption D.2, an LVUS remains an LVUS when we remove a nonsymmetric supplier from the
supply network.

Given the assumptions we may completely characterize the optimal auditing policy.

THEOREM D.1. Let 9 = (g,U) € T be such that for any v € R*(y0), no unaudited supplier in ~y is a
dependent of another unaudited supplier, i.e., any i,i’ € U, (i #1i') satisfy i ¢ D,(i') and i’ ¢ D,(i). Under
Assumptions D.1 and D.2, the following policy £* is optimal in every state v € RT(yo):

AD(i), if i€ U,,uV(v,1)+a< cwe, and V(v,1) < V(v,7),Vi' €U,
“(v) = . (D.36)
RP, if uV(v,i) +a>cp,VieU,
Proof. 'We prove the result by mathematical induction on the number of unaudited supplier in the state,

\U.|. If |U,| =1, let i € U,, then V*(v,AD(i)) > V*(v,RP) if and only if
—a+(1—w)V*(y®i)+uV*(y81i) >7(y) — crr (D.37)

if and only if
—a+(1—u)r(y®i) +ur(ySi)>m(y) — cpp- (D.38)

But (v @) =7(y), so above is equivalent to
—a—u(n(y®i) —7m(y91) > —cw (D.39)

equivalent to the condition stipulated by £* for taking action AD(7). Therefore £* is optimal at ~.

By way of mathematical induction, suppose £* is optimal for all v’ € RT (o) such that |U,/| <k € N*.
Let v € R (7o) be such that |U,|=k+ 1. We divide the proof of the induction step into two cases based on
(D.36).
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Case a (uV(7,i) +a > cy, Vi € U,). We show that V*(v,RP) > V*(v,AD(i)) for any i € U,, thus proving
the optimality of the action RP when uV(7,i) + a > cgp, Vi € U, as Theorem D.1 prescribes. Let i € U,. We
first show two equalities: V*(y@®1i) = V*(y®1i,RP) and V*(y&i) = V*(yS1,RP).

First consider the state v @®1i. Note m(y @ i) =7(vy) and for any i’ € U, \{i}, 1(y®ioi') =n(y&i’). Then for
any ' € Uyg = U, \{i},

uVy @i, i) +a=ulr(y®i) —m(y@ioi))+a=u(r(y) —n(y0i))+a=uV(y,i") +a>=cp. (D.40)
Hence by the definition of £*, £*(y @ i) =RP, i.e., £ prescribes the action RP in state v @i. But |U,q.| = k.
By invoking the induction hypothesis (that £* is optimal at any state v/ € RT () such that |U,| <k), we
conclude that the action RP is optimal at state v @1i. Therefore V*(y @) = V*(y & i, RP).
Next consider the state v© 1. Since no unaudited supplier in 7 is a dependent of another, U, s, = U,\{i}. By

Assumption D.1, for any i’ € U,g;,

u(r(yoi)—n(yoioi))+azu(r(y) —rm(yei)) +a=uV(y,i') +a (D.41)
which we know is greater than or equal to ¢y for any i’ € U,. Hence £*(y © i) = RP. But |U,c:| < k. By
invoking the induction hypothesis (that £* is optimal at any state 7' € R (7o) such that |U,| < k), we

conclude that the action RP is optimal in state v © 4. Therefore V*(y©1i) = v+ (y©1,RP).

Now
V*(7,RP) = 7(7) = cur| U | (D.42)

=7(7) = e (|U5[ =1) = cie (D.43)

2 m(7) = e (U = 1) = [u(m(v) —7(y ©1)) +d] (D.44)

=—a+ (1 —u)(m(y D) = e[ Usai|) + u(m(y ©4) = cre|Usi) (D.45)

=—a+(1—uw)V*(y®i,RP) + uV*(y©i,RP) (D.46)
=—a+{1—-w)V'(y®i)+uV*(yo1i) (D.47)

= V*(v,AD(3) (D.48)

where (D.44) is by the assumption u(w(y) — (v ©1)) + a = cwp; (D.45) is by |Uyai| = |Uyeil = |U,| =1 (no
unaudited supplier in v is a dependent of another so that v & has exactly one less unaudited supplier than
~); and (D.47) is by V*(y&i) = V*(y&i,RP) and V*(y S i) = V*(y S i,RP).

Case b (3i’ € U, such that uV(v,i')+a < cgp). Let i € U, be an LVUS in v, i.e., V(v,7) < V(%,4),Vj € U,.
We first show that V*(y,AD(i)) = V*(v,RP), then show that V*(y,AD(i)) = V*(v,AD(i’)) for any i’ € U,.
With these we prove that if ¢ is an LVUS in v and uV(7,7) + a < ¢y then the optimal action to take in state

~ is AD(7) as Theorem D.1 prescribes. Now

V*(7,aD(i)) = —a+ (1 —u)V*(y@i) + uV" (y &) (D.49)
>—a+(1-u)V*(y®i,RP) + uV* (7S, RP) (D.50)
=—a+ (1 —u)(m(y®1) = ce|Usail) +u(m(y ©4) — cre|Usil) (D.51)
=—a+7(7) = ce| Uyl —u(m(v) —m(y©1)) (D.52)
> () — cre|U, | (D.53)
=V"(v,RP) (D.54)
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where (D.50) is by V* being optimal; (D.52) is by w(y@®14) =n(7); and (D.53) is by |U,a:| =|U,| —1 and the
premise of case b.

We next show that V*(y,AD(i)) = V*(y,AD(i')) for any i’ € U,. Let i’ € U, such that ¢’ is not symmetric
with 4. (If i/ is symmetric with i, clearly V*(,AD(i)) = V*(v,AD(i’)).) Since i is an LVUS in v & i’ and
ur(y® i) —m(y @i ©1i)) +a=u(r(y) —m(y61)) + a < cp (by the premise of case b), by the induction
hypothesis, £*(y@®i’) = AD(¢). On the other hand, by Assumption D.2, 4 is an LVUS in v & 4’; therefore!!

AD(7), fu(r(yed)—7n(y01i S1))+a<cpp
& (yoei)=< AR(1), fulr(yoi)—nm(y0i ©10)+a>=cy and a4 ur <uwz . (D.55)
PP, ifu(r(yei)—n(yei ©i))+a>cp and a+ur > uwz
We next look at the three cases in (D.55) separately. In each case we devise a policy §A so that the buyer’s
expected profit from first taking the action AD(7) and following 5 thereafter is at least as good as the expected
profit from first taking AD(#’) and following the optimal policy &* thereafter (£* is optimal thereafter by
the induction hypothesis). That is, V (£, 7, AD(4)) > V(€*,7, AD(#')). Since V*(v,AD(i)) = V (£, v, AD(i))) and
V(€*,7,AD(i')) = V* (v, AD(i')), we must then have V*(v,AD(i)) = V*(7,AD(i’)) as desired. In each case we

consider the following four events that together form a partition of the sample space:

H;; ={both ¢ and i’ are compliant} (D.56)
Hio={i is compliant and ¢ is not compliant} (D.57)
Hy; = {i is not compliant and ¢’ is compliant} (D.58)
Hyo = {neither ¢ nor ¢’ is compliant}. (D.59)

Case b(i) (u(r(y8#')—m(y© ©14))+a < cw). Let £ € Z be the policy such that £(y @) = E(y61i) =

AD(#") and £(v') =£*(7') for any 7' € P\{y @i,y &}
Conditional on Hy1: The path of state transition by taking AD(7) at state v then following policy fAis

y AD(%) @i Ap(i’) NDiDi (D.60)

while that by taking AD(i") at state « then following policy &* is

AD(i")

AD(4)

@i VB i Bi. (D.61)

Note that y@®i @i =v @i’ G and E|R+(7@l@i/) = &*| R+ (y@ir@i)» SO the expected profit at  from first taking
AD(4) then following policy E is the same as that from first taking AD(i’) then following £* conditional on
Hiyy.

Conditional on Hyg: The path of state transition by taking AD(7) at state v then following policy fAis

AD(4) AD(i")

72 e v miod (D.62)

while that by taking AD(7') at state v then following policy £* is

Ap(i’) ., AD(%)

NOi vEi @i (D.63)

HIf w(n(yoi)—nm(y©i ©1))+a>cwe and a + ur < uwz, £* prescribes auditing and rectify (if noncompliant) all
unaudited suppliers in any sequence; here we choose ¢ to audit next.
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Note that y®i0i =v6 ¢ @i and §A|R+(W@,ei/) =& |p+ (noiai), 50 the expected profit at v from first taking
AD(4) then following policy E is the same as that from first taking AD(i’) then following &£* conditional on
Hyg.

Conditional on Hgy or Hyg: Similarly we can show that the expected profit at v from first taking AD(7)
then following policy £ is the same as that from first taking AD(#’) then following &*.

Therefore the unconditional expected profit at v from first taking AD(z) then following policy {A and that
from first taking AD(4') then following &*, which are integrals of the respected conditional expected profits,

must be equal; that is ‘7(5, ~,AD(i)) = V(£*,~,AD(#’)). Therefore
V*(7,aD()) > V(&,7,AD(i)) = V(§",7,AD(i") = V* (7, AD(7")) (D.64)

where the induction hypothesis (that £* is optimal at any state v € RT (7o) with |U,/| < k) gives the last
equality.

Case b(ii) (u(r(y©i) —7(y 0 ©1))+a > cue and a+ ur <uwz). Let £ €  be the policy such that
E(y@i)=AD(i"), £(y©1i) = AR(¥'), and £(y') =£*(v') for any ' € T\{y®i,7S1}.

Conditional on Hy;: Using the same steps as in case b(i) we can show the expected profit at 4 from first
taking AD(7) then following € is the same as that from first taking AD(4') then following £* conditional on
Hy.

Conditional on Hyo: The path of state transition by taking AD(7) at state v then following policy Eis

~ AD(%) N D AD(3") ’y@i@il (D65)

while that by taking AD(i') at state « then following policy £* is

AD(3) ., AR(%)

VOi vOi' @i, (D.66)

Note that y@i19i' =vyoi &1 and §|R+<W@iem = &*|r+(yoi @iy, SO the expected profit at  from first taking
AD() then following gis the same as that from first taking AD(i’) then following £* conditional on Hyg.
Conditional on Hgy: Similarly we can show that the expected profit at v from first taking AD() then
following policy {A is the same as that from first taking AD(¢’) then following &*.
Conditional on Hpg: The path of state transition by taking AD(7) at state v then following policy gis

AD(4) AR(3")

y 2 o s yeiad (D.67)

while that by taking AD(i') at state v then following policy £* is

AD(3) ., AR(%)

NOi vOi' @i, (D.68)

Since u(w(yoi' ®@i) —w(yoi ®ioi’))ta=u(r(yoi) —w(yoi' ci”))+azu(r(yoi)—n(yoi ©i))+a
for any i € U,ciq: (the last inequality is because 4 is an LVUS in v &4/, by Assumption D.2), and u(w(y &
) —7m(y© i i)+ a > cr (premise of case b(ii)), we have u(n(y 0 ®i) —w(y0i i) +a > cp.

Therefore £*(y© 4 @ i) = RP. Note that since fA|R+(W@i@i/) =& rt (oioir)

VEyoiaid) =V (yoiai) 2V (yeiai, rp). (D.69)
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On the other hand, since |U,ciai| = |Usoiail,
Vi (yei®i ,RP) =V (y&i ®i,RP) =n(y0i®i) —n(yoi @i)=n(ySi) —n(yoi) =0 (D.70)

Together they imply

Vg yeidi) 2V (yei @i, RP)=V*(yOi 1) (D.71)

where the last equality is because £*(y © 4’ @ i) = RP. Therefore the expected profit at v from first taking
AD(%) then following § is greater than or equal to that from first taking AD(4') then following £* conditional
on Hy.

Therefore the unconditional expected profit at v from first taking AD(%) then following policy E is greater
than or equal to that from first taking AD(i') then following &*; that is V(é’y,AD(i)) > V(€*,7,AD(i)).
Therefore

V*(7,AD(i)) > V(&,7,AD(i)) > V(£,7,AD(i')) = V*(v, AD(i")) (D.72)

where the induction hypothesis gives the last equality.

Case b(iii) (u(r(yO i) —7(yOi' i) +a > and a -+ ur > uwz). Let £ € Z be the policy such that
(1) E(y&i) = AD(i"), (2) for any 7' € R*(y&1) such that i’ € U,,, £(v') =£*(y' ©1'), and (3) £(v) =&*(v))
for any other state v’ (i.e., v e T\{yv@i}\{y' € Rt (y©1i):i €U,}).

Conditional on Hyy: Using the same corresponding steps as in case b(i) we can show the expected profit
at v from first taking AD(%) then following fA is the same as that from first taking AD(i) then following &*
conditional on Hy;.

Conditional on Hyp: Since i is an LVUS in v © 4/, by the premise of case b(iii), any unaudited supplier i"
in state vy @4 S must have uV(y@ioi,i")+a=uV(ySi,i")+ a > cup, then the induction hypothesis
implies £*(y @i ©4') = PP. By the definition of 3 E(’y @ioi)=E(y®ioi). Therefore EA(’V Pi61d')=PP.
Then the path of the state transition by taking AD(i) at state v then following policy 5 is

AD(4 AD(3)

N 220 22O o I (D.73)

The path of the state transition by taking AD(i’) at state v then following policy &* is

AD(i") ., PP

y—>=701 —. (D.74)

Note that 7(y@®i©1i') = w(y©1’), so the only difference in the conditional expected profit between the above
two paths is the additional cost a of carrying out one more audit in (D.73) (since i is compliant on Hyq it
will not incur any penalty from violation later on).

Conditional on Hgy: The path of the state transition by taking AD(7) at state v then following policy gis
~ —>AD(i) YOI (D.75)

while the path of the state transition by taking AD(i') at state  then following policy £* is

AD(i")

AD(4

vaoi 29y e o (D.76)

Note that the definition of 5 means that the path subsequent to v & in (D.75) and that subsequent to
v@®i' 4 in (D.76) will be identical except that ¢' will remain unaudited in all subsequent states in (D.75)
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while it is vetted in (D.76). Since on Hy; @’ is compliant the only difference in the conditional expected profit
between the above two paths is the additional cost a of carrying out one more audit in (D.76) (since 4’ is
compliant on Hig, even if unaudited, it will not incur any penalty from violation later on).

Conditional on Hog: The path of the state transition by taking AD(7) at state - then following policy gis

v 2000 (D.77)

~

where £(v© 1) =& (y©i6©1¢) =PP by the premise of the current case and Assumption D.1 (so that u(mw(y©
iet)—nr(yoisi ai”))+a>cw,Vi” € U,gior), while the path of the state transition by taking AD(i') at
state v then following policy £* is

AD(i") ., PP

7—=707 —. (D.78)

Therefore conditional on Hyg the expected profit at v from first taking AD(¢) then following E is greater than
that from first taking AD(i") then following £* by precisely n(y©i) —n(ySi’) > 0.

Therefore the unconditional expected profit at v from first taking AD(7) then following policy E is greater
than or equal to that from first taking AD(¢') then following £*; that is 17(57 ~v,AD(i)) = V(£*,7,AD()).
Therefore

*

V*(7,AD(i)) > V(&,7,AD(i)) > V(£*,7,aD(i")) = V*(v,AD(i")) (D.79)

where the induction hypothesis yields the last equality.
To sum up, in all cases b(i)-b(iii), V*(y,AD(i)) = V* (v, AD(i')).
&* is optimal at v. O

Theorem 4 is a shortened and less technical version of Theorem D.2.

THEOREM D.2. Under Condition 1 the following policy £** is optimal at any state v in which every tier-1

firm is vetted: for any nonterminal state v # 71, let i be an LVUS in v, then

AD(7), if uV(7,1) +a < cpp
()= { (D.80)

RP, if uV(7,1) +a > cpp
and for v, and i € U.

Y12

AP, if (et UV (0, 0) + (- un( ©1)) < s
£ (1) = _ (D.81)

1
RP, if 1+u(a+uV(’yl7i))+ (a4 um(y1©1)) = cpp

The policy £** differs from £* only at state vy; where Assumption D.1 fails. At state 7, £** prescribes

1+u

AD(4) in a larger region of the parameter space than £* does, since £** takes into account the fact that if the
buyer drops %, the last remaining unaudited supplier will be even less valuable. The buyer has less incentive
to keep the supply network operating in state y; than in states in which decreasing differences hold.

Proof of Theorem D.2. Since we limit to states in which all tier-1 firms are vetted, (1) by Proposition 2
Assumption D.2 holds, and (2) no unaudited supplier can be a dependent of another unaudited supplier.
Under Condition 1, among all states we consider here the only state at which Assumption D.1 fails is 74,
the induction proof of Theorem D.1 applies directly by replacing £* with £**, with two exceptions: (1)
at ~; itself, at which state we show the optimality of £** separately, and (2) at state v = (g,U) where
g=({a,B},{1},{3},{2}) and U ={1,2,3}, and if the LVUS, 1, in 7, satisfies uV(v2,%) +a < czp. We will go

on to show why the induction proof still applies in the second case.
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£ is optimal at vy; Set v=r,. Call the two symmetric tier-2 suppliers in v, ¢ and ¢’. To analyze the
decision at v we first consider the profits in state v @ ¢ and v & 4. In state v @4 the only unaudited supplier
s i’. The decision is between AD(i") (with expected profit —a+ (1 —u)7(y®i® ') +un(y®i©¢')) and RP
(with expected profit 7(y @ ¢) — cqe). Therefore
—a+(1—-uwr(y®idd)+ur(ydiod), ifur(y@ied)—n(ydict))+a<cw
Viyei)= { , _ o o (D.82)
(YD) — Crps fulrn(y@idi')—n(y®iO))+a >
—a+ (1 —uw)r(y)tur(voi), fulr(y)—7m(vOi))+a<cp
B {m) ~Cur i u(n(y) ~w(y S1)) +a> s
Similary, in state v ©i the only unaudited supplier is #’. The decision is between AD(i") (with expected profit

(D.83)

—a+ (1—u)m(yoi®i')) and RP (with expected profit m(y &%) — ¢yp). Therefore

—a+(1—ur(yei®d), ifur(y8idi)+a<cw
Vi(yoi) = { (D.84)
m(yS1) — ap ifur(yoi®i')+a>cp
{a+(1u)7r(’y@i), ifur(yei)+a < cpp
- . (D.85)
T(YyE 1) — Crp if ur(y814)+a>cpe
By Proposition C.5 we algebraically verify that
m(y)—n(yei)>n(yei)=r(yoi) (D.86)
(which is how Assumption D.1 is violated). By (D.83) and (D.85) we obtain
V*(7,aD(i)) = —a+ (1 —w)V*(y @) + uV* (v ©1) (D.87)
—2a+ (1 —uw)[(1—u)n(y) +ur(yo i) +u[(l—u)r(yoi)], ifu(r(y)—7m(yoi))+a<cp
= { (L= )fr() — cw] + a0+ (1 - W)y S, LA SRR CES
—a+ (1 —u)[r(7) = el +u[r(yS14) — curl, if ur(y©1i) +a > cur
—2a+ (1 —u)?*m(y) +2u(l —u)r(y©1i'), if u(r(y) —m(yoi'))+a<cwp
—{ —at (1= wr(y) — ew] +ul—a+ (1 —wr(y0i)], i (Z (7’)):‘;@ )t (D.29)
—a—cpp+ (1 —u)w(y) +un(y 1), if ur(vy©1i)+a > cpp

On the other hand V*(v,RP) = () — e |U,| = 7(y) — 2¢4p. Hence V*(,AD(i)) > V*(v,RP) if and only if
one of the following three (mutually exclusive) conditions holds:

(a) a+u(m(y) —m(y0 1)) < cpp and —2a + (1 —u)?7w(y) +2u(l —u)mw(y O i') > w(y) — 2Chp;

(b) atur(v61i) <cwp <atu(r(y) —7m(ySi)) and —a+ (1 —w)[r(y) — cpp) +u[—a+ (1 —u)w(y© )] >
() — 2Cke;

(¢) a+un(y©1i) = cpp and —a — cpp + (1 —w)w(y) +um(y S 1) > w(7y) — 2¢gp.

In (a), the second inequality is equivalent to
20a+tu(n(y) —m(yei)]—u?((n(y) —m(y&i) —m(y©)] < 2w (D.90)

which is implied by the first inequality and that (7(y) —w(y©¢’)) > m(y&4’) which we know to be true. So
(a) can be simplified to just a +u(w(y) —7(y© 1)) < cpp. In (b), the last inequality is equivalent to

la+u(r(y) -7y 0 8)] +ula+ur(y 1)) < (1 +u)ew (D.91)



e-companion to Zhang, Aydin, and Parker: Social Responsibility Auditing in Supply Chain Networks ec21

or

[a+u(m(y) —m(y©i))] + (a+um(y©1)) < cre. (D.92)

u

14+u 14+u
Note that (D.92) and the second inequality cpp < a+u(m(y) —7(yS1’)) implies the first inequality a +un(yS
1) < cpp. So (b) can be simplified to

1
- / / < - ). :
Tgletulr() —rlye )+ (atur(y©i)) <cw <atu(n(y) —m(yS7)) (D.93)
In (¢), the second inequality is equivalent to
a+u(m(y) —m(y81)) < crp (D.94)

directly contradicting the first inequality; (¢) can never hold. Therefore the three conditions above is equiv-
alent to either one of the following two conditions holds:

(a) a+u(m(y)—7m(yOi)) < cup;

(b) mlat+u(r(y) —m(y©i)]+ 5 (a+ur(y©1)) < e < a+u(r(y) —m(y ©7))
which is obviously also equivalent to just

lat+u(m(y) =m(yS D)+ 5 i Slatur(v61) <cw (D.95)

14+u
since a +u(m(y) —7w(yS14)) > a+un(y o). This shows the optimality of £** at 7;.

& is optimal at 2 The only case to show is when the LVUS i € U, of v, satisfies u(m(v2) — m(y2 ©
1))+ a < cgp. The proof is analogous to case b in the proof of Theorem D.1 by replacing £* with £**; here we
only point out the differences:

e Since now v =y, and ¢’ is the shared supplier in 7, 7© 4 =~;. Hence by the induction hypothesis

AD(3), if F < cgp;

& (yoei )= AR(Q), if F = cp and a+ ur < uwz; (D.96)

PP, if > cpp and a+ur > uwz;
where F = 1-% lat+u(r(yoi)—7m(y0i' ©i)]+ 1 (a +un(y©i ©1)). We redefine the three subcases b(i),
b(ii), and b(iii) in the proof by the three cases for £&**(y&i’) in (D.96) (i.e., replace a +u(w(y i) —w(y©
i’ ©1)) in the original condition for each subcase by F).

e In subcases b(ii) and b(iii), owing to (D.86),
V(7,7") >V (n oi,1). (D.97)

F > cpp implies a+u(n(y01') —w(vy 01 ©1)) 2 Cpp.
e In subcase b(iii) (F > cpp and a + ur > uwz) conditional on Hyg the path of state transition by taking
AD(7) at state v then following policy E is

MELIQIONEY (D.98)

while the path of state transition by taking AD(#’) at state v then following policy £** is

AD(i/) ; PP

7—=707 —. (D.99)
Here by the definition of 2 and the induction hypothesis one of two actions could be taken subsequent to

(D.98) (r(yoiod)= é% by Proposition C.5):
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A Tfatur(yoiod)=a+ug; (ang)z > Cpp, then g('y@i) = (yoioi)=Pp;
B. fatun(yoioi)= a—l—ui% < Cup, then E(yOi) =& (y©iO1') = AD(i"”) where i is the

only supplier in U, g, -

In sub-subcase (b)(iii)A the original proof applies. In sub-subcase (b)(iii)B following (D.98) the action is
AD(i") with two possible consequences: that i passes the audit leading to v © i @ " and that ¢” fails the
audit leading to v & i ©1i”. Note that in either case the definition of fA prescribes PP afterward. Therefore,

the expected profit subsequent to y©1i in (D.98) is

25 1 — 2
—at+(1—-uwr(voi®i")+ur(y0i0i") —wz=—a+ (l—u)%—i—u% %

—wz (D.100)
where the —wz comes from that in event Hyy we know 4’ is noncompliant and the equality is by Proposi-
tion C.5. On the other hand the expected profit subsequent to v &1’ in (D.99) is

1 _ 2
ﬂ(v@i’)—uwz—wz:%(a;ﬂ—uwz—wz (D.101)

where the —uwz is due to " remaining unaudited, the —wz is due to ¢ being noncompliant, and the equality
is by Proposition C.5. We take the difference between (D.100) and (D.101) to get

1 (a—wvp)? 49 (a—wvp)?
- —u— . D.102
atuwEue T3 Ti1400 B8 ( )

1 (a—vp)?
64 8

But the premise of the sub-subcase is that a +u < cgp Where ¢z = uwz here, so (D.102) is nonneg-
ative.

Therefore the expected profit at v from first taking AD(7) then following E is greater than or equal to that
from first taking AD(i’) then following £** conditional on Hgg. This completes the proof. [

Proof of Corollary 2. The result follows directly from Proposition 2. O
D.3. Supplier Choice When Auditing One Firm

Let v €I and i € U,. We define two thresholds for z:

uV(y,7) +a
uw[u(|Uv| - ‘Uwei| - 1) + 1]

V(’}QZ) —-r
uw(lU'y‘ - |Uwei| - 1)’

2p(7,1) = and  z.(v,1) = (D.103)

PROPOSITION D.3. At nonterminal state v, suppose the buyer can at most audit (AD or AR) one supplier,

then PP. The optimal decision is

(a) PP if and only if z < “F and z < z,(v, i) for every i’ € U, ;
(b) AR(i) (for any i€ U, ) if and only if z > “* and z < z,(v,1') for every i’ € U, with an unaudited
dependent in vy and V(v,i') = r for every i’ € U, without an unaudited dependent in .
(¢) AD(7) if and only if z> z,(v,1), 2> 2.(7,1) if i has an unaudited dependent in v and V(v,i) <7 if i

does not have an unaudited dependent in vy, and also i satisfies (D.118).
Proof. Let &, be the policy that maps any state in I' to the action PP. Then for ¢ € U,,
‘7(&% ¥, AD()) = —a+ (1 = w)V (§ep, v D i) + uV (&, vy O 1) (D.104)
=—a+(1—u)(n(y®i) —vwwz|U,q:|) + u(w(yS1i) —uwz|U,z4|) (D.105)
=—a+ (1 -u)r(y) —uwwz(|U,| = D]+ u(n(y ©4) — uwz|Usel) (D.106)
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V(&ry v, AR(D)) = —a — ur + (v ® 1) — uwz|U, g (D.107)
=—a—ur+n(y) —uwwz(|U,| —1) (D.108)

and
‘7(§PP7’Y7PP) :W(V) —U,’U)Z‘U.Y| (Dlog)

Note that V (&, 7, AR(i)) is independent of i.
Therefore V(&up,7, AD(3)) > V (Eop, 7, AR(#)) for any i’ € U, iff

—a+ (1 —w)r(y) —wwz(|U,| = 1) +u(r(y©1) —uwwz|U,g,|) > —a—ur +n(y) —wwz(|U,| —1) (D.110)

which is equivalent to

wwa(|Uy| = [Uyeil = 1) > m(y) = n(781) —r. (D.111)

If ¢ has no unaudited dependent, i.e., D, (i) NU,, = () where ¢ is the supply network in state v, then |U,|—1=
|U,c:|; (D.111) is equivalent to w(y) —m(y©1) < r. Otherwise if 4 has at least one unaudited dependent, then
|U,| —1>|U,e:|; (D.111) is equivalent to

m(y) —n(ySi)—r
2 (U O]~ 1) (b-112)

‘7(§PP777AD(Z.)) > ‘7(§PP777PP) it
—a+ (1 - w)r(y) —wwz(|U, — 1) +ulr(y &) —wwz|Use,l) > 7(7) - wwz|U,| (D.113)

which is equivalent to
u(r(y) —m(yei)) +a
wwu(|Us| = |[Useil) +1 —u]

V(&we, 7, AD(i)) = V (€, v, AD(i)) for i’ € U, iff

(D.114)

—a+(1-u)r(y) —uwz(|U,| = D]+ u(r(y ©1) - uwz|Uyesi|)

> —a+ (1 =u)[r(7) —uwwz(|U,| = D] +u(r(y©7) —uwwz|Uyer|) (D.115)

which is equivalent to

T(y01) —uwwz|U,gi| Zw(y61") —uwz|U,cu|. (D.116)
V (&, 7, AR(D)) > V (&, v, PP) iff
—a—ur+7n(y) —wwz(|U,| —1) > n(y) —vwz|U,| (D.117)

atur
ww

which is equivalent to z >

The optimal decision is PP iff V (&, 7, PP) = V (Eop, 7, AD(i)) and V (Eup, 7, PP) = V (Emn, v, AR(4)) for any i €
U, . This gives part (a). The optimal decision is AD(3) iff V (&, 7, AD(i) > V (Eop, 7, AR(T)), V (Epp, v, AD(3)) >
V (&7, PP), and V (Eup, 7, AD(i)) = V (&p, v, AD(#)) for any i’ € U.,. This gives part (¢). The optimal decision
is AR(Q) iff V (&, 7, AR(7)) = V (Epp, 7, AD(#')) for any i’ € U, and V (&, 7, AR(7)) > V (€un,, PP). This gives
part (b). O
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PROPOSITION D.4. At nonterminal state vy, suppose the buyer can audit (AD or AR) at most one supplier,
before proceeding to production (PP). There exist two (possibly coinciding) thresholds z < Z for penalty z such
that

(a) If z < z the optimal decision is PP;

(b) If z < z < Z the optimal decision is AR(i) for any i € U, ;

(¢) If z> Z the optimal decision is AD(i) where i solves

mas {ww=(U,| - Usedl) ~ V(7,1)} (D.118)
1eUy
Proof. By Proposition D.3 the optimal decision depends on the ordering of three thresholds for z:
ot ur’ z,(y) =min{z,(7,7) : € U, with unaudited dependent}, z,(v)= _mli]n 2p(7,1). (D.119)
uw i€Uy

In the following we enumerate all but one possible orderings of the three thresholds to verify that they are
consistent with the property we describe in Proposition D.4. We then show the remaining one ordering can
never arise. In the following the supplier ¢ in AR(7) can be any i € U, and the supplier ¢ in AD() is given by
(D.118).*2 We consider two mutually exclusive and collectively exhaustive cases as follows.

(a) First we look at the case that either V(v,i") <r for some i’ € U, without an unaudited dependent,

or “E“ > 2 (). Then by Proposition D.3 AR(i) is never optimal. Therefore the optimal decision is either
(a—‘rur

PP or AD(i). By Proposition D.3 the optimal decision is PP if and only if z < ) A z,(7), which implies
the optimal decision is AD(i) if and only if 2z > (“E22) Az (7). Setting z =2z = (“£") Az, (7) establishes the
property Proposition D.4 describes.

(b) Second we look at the case that V(v,4) > r for every i’ € U, without an unaudited dependent, and

atur < z (7). By Proposition D.3 the optimal decision is AR(#) if and only if “E* < 2z < z (7). Suppose

atur
u

and z =z, (y) will
atur

uw

% < z,(7) then the optimal decision is PP if and only if 2 < “Zfr. So setting z =

establish the property Proposition D.4 describes. We only need to show that indeed < z,() under
case ().
By way of contradiction suppose “j—;” > z,(7). It implies that there exists i € U, such that

o (i) = uV(y,i")+a - a+ur
PO = U, = [T - D 1]~ ww
e If i" does not have an unaudited dependent in ~, then |U, .| = |U,| —1; then (D.120) implies V(v,i") <

(D.120)

r, contradicting that V(vy,7") > r for every i’ € U, without an unaudited dependent (in the premise of case (b)).

e If i has an unaudited dependent, then (D.120) implies
V(v,i") < (a+ur)(|U,| = |Uyeir| — 1)+ (D.121)

On the other hand, given that " has an unaudited dependent in =, “;:” < z,.(7y) implies

a+ur ) V(v,i")—r
<z (y,4") = (D.122)
ww ([0, — Unour] —1)
which is equivalent to
V(y,i") —=r = (a+ur)(JUy[ = [Useir| = 1) (D.123)

contradicting (D.121). Therefore under case (b), <24 <z (v). O

uw

12 The identity of supplier ¢ may change as z changes.
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We consider a state v, = (g,U) in which there is at least one supplier in each position in tier 2 (majority-
exclusive, minority-exclusive, shared; i.e., t,, ¢y, ta5 = 1), all suppliers (including those in tier 1) are unaudited,
and the majority tier-1 firm A has strictly more suppliers than the minority tier-1 firm B (i.e., t, > t5). This
structure allows us to compare all possible auditing choices.

We define the following thresholds used in Proposition D.5:

1 (a—vp)? 1 tatt 2 ts+1t 2
SO e ( at s ) _< s+ as ) (D.124)
16 wwB  ty—ty | \tr+tas +1 tot b+ 1
(a—vr)?1 (1. 1 [ tittw \°
— S|y (At D.125
LT TR 6 |9 T 16\ +t 1 (D.125)
(—vr)21 [1, 1 [ tytte \°
T 2ty 2 (T D.126
LT TTwB |90 16 \ty + a4 1 ( )

where

_ _ _ 2 2
{3(75A 1) + 3ty + 4t ap +4(Es — D)tap + dptan + 3(tx — D)ty + 4tAB] it <2t 12t 12
L(tA - 17tB7tAB)

T 3t 1% 3t 4 tu0) 30— Dt 1) ] Sl
tA - + tB + tAB + tA - tB + tAB .
, ft,>2t,+2t 2
|: L(tA_latB‘f'tABaO) :| o B+ AB+
PROPOSITION D.5. At state v, suppose the buyer can audit at most one supplier before proceeding to

production (PP). Let z, = (zap1 Azuj1) VZ and Zq = za1 V 245 V Z where Z is as in Proposition D.4. The optimal
decision is AD(e,) (i.e., auditing and dropping (if noncompliant) an exclusive supplier to firm A) if and only
if Z<z< z,, AD(B) if and only if z, < z < Z4, and AD(A) if and only if z > Z4.
Proof. By the proof of Proposition D.3, let ¢,i" € U,,, V(fpp,’y,AD(i)) > V(fpp,’y,AD(i’)) iff
m(y61) —uwz|U,ei| Zm(y0 1) —uwz|U,eu|. (D.128)
Since no tier-2 supplier has a dependent in 7, (D.128) implies the buyer should prefer among tier-2 suppliers
to AD a supplier ¢ with the highest w(y©&4). By Proposition 2 this supplier is a majority-exclusive supplier.

Hence we only need to compare the majority-exclusive supplier 1, firm A, and firm B.

By the structure of supply network g,

Usoul = U, | —t, —1 (D.129)
Usesl = U, —ts =1 (D.130)
User| =10, - 1. (D.131)
By Proposition C.5,
1(a—vr)? [ tottw \°
A)=— D.132
mreA) =173 to+tas+1 ( )
1 (a—vp)2 [ tyttaw \
B = L D.133
m(VEB) =155 tr it t1 (D-133)
1 2
w(7@1):§(0‘ ;T) Y. (D.134)

One may verify that the buyer prefers AD(A) to AD(B) if and only if z > z,5, the buyer prefers AD(B)
to AD(1) if and only if z > 241, and the buyer prefers AD(A) to AD(1) if and only if z > z,;, by plugging
(D.129)—(D.134) into (D.128). By Proposition D.4 when z > Z the optimal decision is to AD some supplier.

Proposition D.5 now follows. [
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Appendix E: Corresponding Results When Adopting ABM Model

We show that all our results of the auditing phase hold when we replace our production model with the
corresponding case of the model in Adida et al. (2016) (ABM hereafter) except that our model additionally
captures the difference in the value that a majority-exclusive and a minority-exclusive supplier provide.
Specifically we redefine the production profit 7(y) = 7} to be the retailer’s profit (m, in the notation of
ABM) in the model in Section 5 of ABM for the case where there is one buyer (retailer) and two tier-1 firms

(intermediaries).

ProrosiTiON E.1. The buyer’s production profit is

5 _
= (dl — 81) S (E.1)
2 d|S(2)|IT + s2(I+1)
where dy, da, s1, s2 are demand and cost parameters defined in ABM and
_ 1 1 2 -t
I=31———r | =(t, + 1 —tan —1 E.2
U= sty (3040 5]} E2)

ifI=10r2andI=0if I=0.

Proof. This is a direct consequence of Theorem 3 and Proposition 1 in ABM. In particular, when there
are two tier-1 firms (E.2) is derived in the same way as is equation (A17) in ABM. When there is only one
tier-1 firm, by Proposition 1 in ABM and since each tier-2 supplier now serves only one customer, i.e., [; =1

for all tier-2 suppliers j,

I 1 1
=L se)—
I+1 \S(2)|| ( )|1+1
Therefore I =1, which coincides with (E.2) by setting t, =t,, =0. O

(E.3)

REMARK E.1. By (E.1) and (E.2) any exclusive supplier, whether it supplies firms A or B, carries the
same value to the buyer in 7. That is 7 stays the same however ¢, and ¢, vary as long as t, + ¢, remains

the same.

COROLLARY E.1. Given supply network g € G,
(a) Adding any supplier to g increases the buyer’s production profit w%;

(b) Adding a shared supplier to g induces a strictly greater increase in 7 than adding an exclusive supplier.
Proof. (Part (a)) By (E.1) and algebra
Alﬂ-:; <tA7 tB7 tAB> = A27T(f <tA7 tBu tAB>

- 982 (d1 — 51)2
 2[3da(ty +t5) +4dat s + 655][3da(t + 1) + 4dat s + 3dy + 654)

>0 (E.4)

by Assumption 1 in ABM, and

1252(d1 — 81)2
2[3d2 (tA + tB) + 4d2tAB + 682] [3d2 (tA =+ tB) =+ 4d2tAB + 4d2 + 682]

A37T;<tA;tB7tAB> = >0 (E5)

by Assumption 1 in ABM.
(Part (b)) By Remark E.1 we only need to show

Al (ta, by, tan) — Armi{ta, ty, tag) >0 (E.6)
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which is equivalent to

T (b, ay tan + 1) > 5L + 1, L5, Lag).

Now we can equivalently write (E.1) as
= (dl —) ST
¢ 2 (d2|5(2)|+82)j+ So

which, with everything else kept constant, is strictly increasing in I. Since

1 1 2
W= W |:2(tA +tn) + 3tAB:| € (O’ 1)

(E.7)

(E.8)

(E.9)

by (E.2) I is strictly increasing in w. Lastly, w clearly increases strictly more by adding 1 to t,; than by

adding 1 to ¢, which is to say that (E.7) holds. O

The statements and proofs of our Theorem 3 and Corollary 1 remain the same as in the base model.

ProPOSITION E.2 (decreasing differences of production profit). For any v €T and any i,i’ € U,
7

i' ¢ D, (i),
V(vy,7)<V(yei,i).

(E.10)

Proof. Given Remark E.1 we only need to show each of the following four differences is nonpositive:

AT (ts +1,ts, tan) — A1 (Ea, s, tan)
Ayt to, tas + 1) — Ayl {ta, to, tan)
Agm(ta + 1, ts, tan) — Aam(ta, s, tan)
AsTi(ta, by, tap + 1) — Agmi(ta, by, Lan)-
Using (E.1) by algebra we find that they are respectively equal to

1
 3dy(ty +ty) +4dst .y + 65y

27d282(d1 — 81)2

[3d2 (tA + tB) + 4d2tAB + 3d2 + 682] [3d2 (tA + tB) + 4d2tAB + 6d2 + 682]

1
[3d2 (tA =+ tB) + 4d2tAB + 682] [3d2 (tA + tB) + 4d2tAB + 3d2 + 682]

18d252 (dl — 81)2[6d2 (tA + tB) + 8d2tAB + 7d2 + 1252}

[3d2 (tA + tB) + 4d2tAB + 4d2 + 682] [3d2 (tA + tB) + 4d2tAB + 7d2 + 682]

1
[3da(ts +ts) + 4dat s + 652)[3da(ts + t5) + 4ddat s + 3da + 652]

18d282 (dl — 81)2[6d2 (tA + t}:;) + 8d2tAB + 7d2 + 1282}

[3d2 (tA -+ tB) -+ 4d2tAB + 4d2 + 652] [3d2 (tA -+ tB) -+ 4d2tAB + 7d2 + 652]

1
 3dy(ts + ty) + Adaty, + 652

48d282(d1 - 81)2

[gdg (tA + tB) + 4d2tAB + 4d2 + 652] [3d2 (tA + tB) + 4d2tAB + 8d2 + 682]

which are obviously all nonpositive (in fact strictly negative by Assumption 1 in ABM).

(E.15)

(E.16)

(E.17)

(E.18)
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THEOREM E.1. The following policy £ is optimal at any state v in which every tier-1 firm is vetted: for
any nonterminal state v €T, let i be an LVUS in vy, then
{AD(i), if uV(7,1) +a < crp

RP, if uV(7v,i) +a > cpp .
Proof. By Proposition E.2 Assumption D.1 holds. Given Remark E.1 Assumption D.2 clearly holds. Then

£ (y) = (E.19)

Theorem E.1 is a direct consequence of Theorem D.1. [
The proofs of Propositions D.3 and D.4 are the same as in our model. I will next state and prove the result
that corresponds to Proposition D.5.

We define the following thresholds used in Proposition E.3:

z — 1 <d151>2 |: tA+tAB i tB +tAB :| (E 20)
M ww(ty, — ty) 2 do(ty +tas) + 252 do(ty + bay) + 252 '
1 d1 — 8 2 %(tA +tR_1)+§tAR ta+1an
ZB\l = 1 ) — (E21)
uwty 2 dy [S(ta+ts— 1)+ 2tys] +52  2[da(ts +tan) + 252)
1 dlfsl 2 %(tA‘i‘tB_l)‘f'%tAB tB +tAB
Zan = . 5 - . (B.22)
uwt 2 da [(ta+ts— 1)+ 2tas] + 52 2[da(ts +1as) + 252]

PrRoOPOSITION E.3. At state v, suppose the buyer can audit at most one supplier before proceeding to
production (PP). Let z, = (za1 Azj1) VZ and Zqg = 241 V 2a V Z where Z is as in Proposition 7. The optimal
decisions are AD(e,) and AD(eg) (i.e., auditing and dropping (if noncompliant) an exclusive supplier) if and
only if Z< z< z,4, AD(B) if and only if z, < z < Z4, and AD(A) if and only if z > Z,.

Proof of Proposition E.3. By the proof of Proposition D.3 let ¢,i" € U,,, V(fpp, ~v,AD(%)) = V(fpp,% AD(3))
iff

(Y0 1) —uwwz|U,gi| Z (v 61") —uwz|U,gw|. (E.23)
Since no tier-2 supplier has a dependent in v, (E.23) implies the buyer should prefer among tier-2 suppliers
to AD a supplier ¢ with the highest 7(y©1). By Remark E.1 and Corollary E.1 this supplier is any exclusive
supplier. Hence we only need to compare the majority-exclusive supplier 1, firm A, and firm B.

By the structure of supply network g,

|U"/®A| = |U’Y| -t -1 (E'24)
Uyeol =10, — b~ 1 (.25)
[User| =10, - 1. (E.26)

By Proposition E.1,

d2 tB+tAB +252

m(yea)= (dl_sl) b+l (E.27)
)

dy — 51 ty+1tap
S B) E.28
(FY ( d2 t +tAB +2$2 ( )
dy — S(tatts— 1)+ 2t
m(yS1l)= ( ) . E.29
( ) 2 d2 [E(tA +tB_ 1)+§tAB] +52 ( )

One may verify that the buyer prefers AD(A) to AD(B) if and only if z > 2,5, the buyer prefers AD(B) to AD(1)
if and only if z > zp1, and the buyer prefers AD(A) to AD(1) if and only if z > 2,1, by plugging (E.24)-(E.29)
into (E.23). By Proposition D.4 when z > Z the optimal decision is to AD some supplier. Proposition E.3 now
follows. [
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Appendix F: Heterogeneous Penalty Across Tiers: Specification and Results

Assume the buyer incurs a cost of z; > 0 upon the exposure of a violation at each noncompliant supplier in
tier 1, and a cost of z5 > 0 at each in tier 2. Then by the independence of noncompliance and of the exposure

of violations across suppliers, ¢(v) = |U, NS(1)|uwz;, + |U, N S(2)[uwzz. Denote UK =U, N S(k), k=1,2.

F.1. Two Subphases of Auditing

Proposition D.1 and its proof remain the same. Proposition D.2 is replaced by the following:

PROPOSITION F.1. Limit the buyer’s actions to auditing and rectifying (AR) unaudited suppliers and pro-
ceeding to production (PP). An optimal auditing policy is the following:

(a) If a4+ ur <uwwz; and a+ur <uwzq, audit and rectify (AR) all remaining unaudited suppliers in any
sequence, then proceed to production (PP);

(b) If a+ur <uwz, and a+ ur > uwzs, audit and rectify (AR) all remaining unaudited suppliers in tier
1 in any sequence, then proceed to production (PP);

(¢) If a+ur >uwz, and a+ ur < uwzs, audit and rectify (AR) all remaining unaudited suppliers in tier
2 in any sequence, then proceed to production (PP);

(d) If a+ur >uwzy and a+ ur > uwz,, proceed to production directly (PP).

Furthermore, given v €T,
V*(7) = 7(7) — [(wwzr) A (a+ur)][U, N S(L)]  [(wwzs) A (a+ur)][TU, N S(2)]. (F.1)

Proof. Given v€T and i € U,, by (2) and the definition of ¢,

V*(y,PP) = 1(y) — |U, N S(1) juwz, — |U, N S(2)|uwz,. (F.2)
Analogous to the proof of Proposition D.2 we proceed by mathematical induction on the number of unaudited

supplier in the state, |U,|. If |U,| =1, let i € U,, then y@i is a terminal state. By (5),

V*(7,AR(i)) = —a —ur + V*(y&i) = —a—ur + 7(y & i) = —a — ur + 7(7) (F.3)
since states v @ ¢ and v have the same underlying supply network, which determines the production profit.
Denote by k the tier that ¢ belongs to, i.e., ¢ € S(k). The buyer chooses AR(i) over PP if and only if
V*(v,AR(i)) = V*(7,PP), or —a — ur + w(y) = 7(y) — uwzy, or a + ur < uwz,, confirming the policy in
Proposition F.1. As a consequence V*(y) = m(vy) — (uwzy) A (@ + ur), confirming (F.1).

By mathematical induction, suppose for any state v such that |U,| =m, V*(y) is given by (F.1). Now
given any state +y such that |U, | =m+1, pick arbitrary i € U,, then |U,g,;| = m. Suppose 7 is in tier k € {1,2}.
Let |U,NS(1)] =m, and |U,NS(2)| =ms. By (5) and (F.1),

V¥ (7,AR(i)) = —a —ur + V" (y ®1) (F-4)
=—a—ur+7(y) —mi[(uwz) A (a+ ur)]

—ma[(uwze) A (a+ur)] + (vwzy) A (@ + ur). (F.5)
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Note that by (F.5) suppliers i within the same tier give the same V*(7,AR()). If there are unaudited
suppliers in both tier 1 and tier 2, let i; € U, NS(1) and iy € U, N S(2). AR(41) is preferred to AR(i2) if and
only if V*(v, AR(i1)) > V*(7, AR(i2)), or by (F.5),

(uwz1) A (a+ur) > (uwzs) A (a+ ur). (F.6)

If a+ur <wwz; and a+ur < uwz, then the two sides of (F.6) are equal. In this case the buyer is indifferent
between AR(i1) and AR(i2) in state v. Otherwise if a + ur > uwz; or a + ur > uwz, let k be the tier with
higher penalty and k" be the tier with lower penalty, i.e., z;, > 2./, then the buyer prefers AR(i;) to AR(ix ).

For later use, we observe that by (F.5) and (2) the inequality V*(v,AR(i)) > V*(v,PP), where i € U,

expands to

—a—ur+7(y) —mi[(vwzr) A (@ +ur)] —mo[(uwza) A (a+ur)] + (vwzy,) A (@ +ur)

>7(y) —mi(vwz) —ma(uwzy) (F.7)
which is equivalent to
my [(uwzy) — (a+ur)]™ +ma[(vwzy) — (a+ur)]t > [(a+ur) — (uwz,)] ™. (F.8)

Let k and k' represent the two tiers, i.e., {k,k'} = {1,2}. If only tier £ has unaudited suppliers (i.e.,
U,NS(k)#0, U,NS(k')=0), then m;, =0. Let i € U, N S(k). (F.8) reduces to my[(vwzy) — (a + ur)]t >
[(@a+ ur) — (uwz)]™, which holds if and only if a + ur < wwz;: this confirms the policy in Proposition F.1.
If both tiers have unaudited suppliers (i.e., U, N S(k) #0, U, N S(k') #0), pick i, € U, N S(k) and ix €
U,NS(K).

(a) If a +ur <uwz, and a + ur < uwzy, , we already know that V*(v,AR(i})) = V* (7, AR(iy)), and only
need to show ‘N/*(%AR(Z',C)) > YN/*(%PP) to confirm the optimality of the policy in Proposition F.1. This is
true since now the right-hand side of (F.8) is zero while the left-hand side is always nonnegative.

(b) If a +ur < uwz, and a + ur > uwz,, then z, > 2y and from (F.6) we know that V*(v,AR(iy)) =
V*(v,AR(i)). We only need to show that V*(v, AR(iy,)) = V*(v, PP). This is again true since the right-hand
side of (F.8) reduces to zero.

(¢) If a+ ur > uwz, and a + ur > uwz,,, without loss of generality, let z;, > z,. From (F.6) we know
that V*(v,AR(ix)) = V*(7,AR(iy)). We only need to show that V*(v,AR(i)) < V*(v,PP). Note that now
the right-hand side of (F.8) is strictly positive and the left-hand side is zero: (F.8) cannot be true so indeed
V*(7,AR(i})) < V* (v, PP).

By now we have proved the optimality of the policy in Proposition F.1 in state . Finally, to complete the
induction step, let i € U,, i, € U, NS(k) and i, € U, N S(k') when they each exist:

V*(7,AR(>)), if a4 ur <uw(z, Az );

N if a+ur <uwzy, a+ur > vwzy,
V*(’Y) =V (’77 AR(ik))a (Fg)
and U, N S(k) #0, where k € {1,2};

V*(~,PP), otherwise.
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—a—ur+m7(y) —mi[(uwzr) A (a+ ur)] _
if a+ur <ww(zp Az );
—ma[(uwze) A (a+ur)] + (vwzy) A (a + ur),

=<¢ —a—ur+7(y) —m[(uwz,) A (a+ ur)) if a+ur <uwzy, a+ur > uwz, (F.10)

—ma[(uwze) A (a+ur)] + (uwzy,) A (a+ur), and U, NS(k)#0, where k € {1,2};
w(y) — U, NS(1)|uwz, — |U, NS (2)|uwzs, otherwise.

() — ma[(uwz1) A (@ + ur)] .
if a+ur <uw(zp A zp);
—mg[(vwze) A (a+ur)] + (a+ur) —a — ur,

=< 7(y) —mq[(uwz) A (a + ur)] if a+ur <uwzy, a+ur >vwzy, (F.11)
—ma[(uwze) A (a+ur)]+ (a+ur) —a—ur, and U,NS(k)#0, where k € {1,2};

7(y) = U, NS(D)|uwz; — |U, NS(2)|uwzz,  otherwise.

=m(y) — [(uvwz1) A (a+ur)]|U, NS(1)| — [(vwza) A (a+wr)]|U, NS(2)] (F.12)

which yields (F.1). O
Now instead of auditing every remaining supplier in the RP subphase the buyer distinguishes between tier-1

and tier-2 suppliers and make auditing decisions on them separately. The following replaces Theorem 3:

THEOREM F.1. There exists an optimal policy £* € = with the property that auditing decisions are divided
into two subphases:
(a) AD subphase: To audit and drop (AD) some suppliers (or no supplier); followed by
(b) RP subphase:
i. If a+ur <uwz; and a+ ur < uwzs, audit and rectify (AR) all remaining unaudited suppliers in any
sequence, then proceed to production (PP);
il. If a+ur <uwz; and a+ur > uwz,, audit and rectify (AR) all remaining unaudited suppliers in tier
1 in any sequence, then proceed to production (PP);
ili. If a+ur>uwz, and a+ ur < uwzs, audit and rectify (AR) all remaining unaudited suppliers in
tier 2 in any sequence, then proceed to production (PP);

iv. If a+ur>wuwz, and a+ur > uwze, proceed to production directly (PP).
Proof. The result is a direct consequence of Propositions D.1 and F.1. [
COROLLARY F.1. At state v €T if the optimal policy £* is already in the RP subphase,
V() =m(y) — [(uwz1) A (a+ur)]|U, NS(1)| — [(uwzz) A (a+ur)]|U, NS(2)|. (F.13)
Proof. The result follows (F.1) in Proposition F.1. O

F.2. Optimal Auditing Sequence in Tier 2

Since Theorem 4 only has to do with tier-2 firms, it remains the same other than now z is replaced with z,.

Corollary 2 remains the same since it does not involve penalty.
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F.3. Supplier Choice When Auditing One Firm

Assume § = z; — 23 > 0. We consider a state y where U(Y) # 0 and U? # () (otherwise obviously all results
stay the same by replacing z with z, so that tier k£ has unaudited suppliers). We also exclude the state v, =
(96, Us) (“¢7 read “diamond”) where go = ({A,B},0,0,{1}) and U, = {A, B, 1}, which creates complications,

not insights, due to the sole tier-2 supplier dominating the network claiming both tier-1 firms dependents.

PROPOSITION F.2. Consider a nonterminal state v # ~o in which U # 0 and U™ # 0. Suppose the
buyer can audit at most one supplier before proceeding to production. As 0 increases, the optimal action shifts
from proceeding to production (PP) to auditing and dropping (AD) a tier-2 supplier supplier, then either to

auditing and dropping (AD) a tier-1 supplier or to auditing and rectifying (AR) a tier-1 supplier.

Proof. We first calculate the value from each action for comparison later. Let &., be the policy that

prescribes PP for every state (i.e., & (y) =PP,Vy €T). For i € UMY and j € U,

V (&7, AD(0)) = —a+ (1= )V (&, y @1) + uV (&r, 7 ©1) (F.14)
=—a+(1—w)r(y) —uwz(|U,| - 1) = uws (UM | - 1)] (F.15)

+u[r(y©1) — uwzs|Uses| — uwd| U] (F.16)

V(&r7,AD(7) = —a+ (1 = u)V (&, Y © 5) +uV (60,7 © §) (F.17)
=—a+(1-u)[r(y) - uwz(|U,] - 1) — uws|UM ] (F.18)

+uln(y© 4) — uwza|Use;] — uwd| UL, (F.19)

V(&ors 7, AR(D)) = —a —ur + V (&, 7 ©1) (F.20)
=—a—ur+n(y) —uwz(|U,| - 1) —uws(|UM| - 1) (F.21)

V(&er, 7, AR()) = —a — ur + V (&m, ¥ D J) (F.22)
= —a—ur+7(y) —uwz(|U,| - 1) —uws| UMD (F.23)

V (&, 7, PP) =7(7) = C(7) (F.24)
=71(7) — wwzs|U, | — uws|UM)|. (F.25)

By (F.21) and (F.23), V (&, 7, AR(7)) = V (&, 7, AR(J)), 50 AR(i) always dominates AR(j) (weakly if 6 =0).
Therefore we do not consider AR(j) as a candidate for the optimal action.

We proceed by characterizing the conditions for each action to be optimal. We then identify the patterns
Proposition F.2 describes.

Condition for PP to be optimal. By (F.25) and (F.21) V (&7, PP) = V (&, 7, AR(7)) where i € UM if
and only if

a—ur
o<

~ 2. (F.26)
By (F.25) and (F.16) V (&, 7, PP) = V (&, v, AD(i)) where i € UM if and only if

() —uwzs|U, | — uw5|U7(1)| >

—a+(1—u)[r(y) —uwzs(|U,| = 1) —uwd([UD| = 1)] +ulr(y ©1) — uwzs|Uye;] — uwd| UL, (F.27)
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which, by rearranging terms and noting that a tier-1 firm cannot have a tier-1 dependent so that |U'516)1| =

UM | -1, is equivalent to

(y) —uwwzs|U, | — uw5|U7(1)| >
—a+[r(y) —uwz|U,| — uw5|U§1)|} + uwzg + uwd — ulr(y) —uwwze (U, — 1) — uw5(|U§1)| —1)]
+u[r(y01i) — uwz|U, e —uwd (UM -1)]  (F.28)

or
a—uwze +u[V(7y,7) —uwza (|U,| = |Usei — 1)] = uwd (F.29)
or

o e+ ufV(y, i) —wz[l +u(|Uy| — [Useil = D]}
uw

By (F.25) and (F.19) V (&, 7, PP) = V (Em, 7, AD(j)) where j € U® if and only if

§ =61 (y,4). (F.30)

() —uwze|U, | — uw5|U§1)| >
—a+(1—w)[r(y) —uwz(|U,] = 1) —wwd|[UD || + ulr (v © §) — uwz|U, o] — wws|USY || (F.31)

iSX]
or
(y) —uwwzs|U, | — uw6|U7(1)| >
—a+[r(y) —uwz(|U,|) — uw5|UW(1)|] +uwzy —ulr(y) —wwzo(|U,| — 1) — uw5|U7(1)|]
+ulr(y© j) — uwza|Use;| —uwd|UL,|]  (F.32)

or

a+u{V(y,5) = wzll +u(|Uy| = [Uyes = D] = wwd (U = |UIZ )} > 0. (F.33)
For j without an unaudited tier-1 dependent, i.e., [U{"] - |U£1@)j| =0, (F.33) is equivalent to
@+ u{V (7, ) — w1 + (U, [Uyey] - D]} > 0. (F.34)

Since |U,| — |U ;| 2 1, 1 +u(|U,| — |U,e;] — 1) > 0, which implies (F.34) is equivalent to

a+uV(y,5) @), -
< =zy (7,])- (F.35)
ww[l+u(|U,| = |Uses| = 1)] 7

22

For j with an unaudited tier-1 dependent, i.e., [UM| — US| >0, (F.33) is equivalent to

hESXi
< e+ ufV(,j) —wz[l +u(|U,] = |Uses| = 1]

b @,
=0,"(7,7)- (F.36)
ww (US| = [UL;)

)

Therefore PP is optimal if and only if

® < T — 2

o 6 <6 (y,4) for every i€ AF

o 2, < zc(iz) (v,4) for every j € U§2) without an unaudited tier-1 dependent; and § < 5;2)(7,3') for every

je UﬂEQ) with an unaudited tier-1 dependent.
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Condition for AR(i) for any i€ Uv(l) to be optimal. By (F.26) V(&w,v,AR(i)) > V(Eme, 7, PP) if and

only if
a—ur

0>

— Z9. F.

Let ¢/ € UM, By (F.21) and (F.16) V (&, 7, AR(1)) = V (&, 7, AD(7')) if and only if

—a—ur+n(y) —uwz(|U,|—1) —uw(5|U7(1)| >

—a+(1—u)r(y) —uwzs(|U,| = 1) —uws([UD| = 1)] +ulr(y ') — wwzs|Uyeu| —uwd|UL,[] - (F.38)
or
—ur > —u[V(y,i) = wwz(|U, | = [Uyow| = 1) —uwd([UND| = UL, | = 1)]. (F.39)
which, since [U(V| - |U§19)i,\ =1, is equivalent to
—r+V(v,i) Zuwwz(|U,| — |Uyei| —1). (F.40)
For ¢' with an unaudited tier-2 dependent, i.e., |U,| —|U,c¢| —1 >0, (F.40) is equivalent to
—T—FV(’y,Z/) (1) -/
29 < =z (7,1). (F.41)
uw(|U'y| - ‘U«/ei" - 1)
For ¢ without an unaudited tier-2 dependent, i.e., |U,| — |U,oi| —1 =0, (F.40) is equivalent to
V(y,i') =r. (F.42)

Let j € U®. By (F.21) and (F.19) V&, 7, AR(7)) = V (&, 7, AD(5)) if and only if

—a—ur+m7(y) —uwwz(|U,] —1) —uw5(\U§1)| -1)=

—a+ (L= w)r(y) —wwz (U, | - 1) —uwd U0 ] + ulr(y 6 §) — wwz|Uye,| —uwsUL[] (F.43)

6]

or
—ur+uwd = —ur(y) —uwz(|U,| - 1) — uw5|U§1)|] +ulr(y0 7)) —wwz|U,q;] — uw5|U§1@)j|] (F.44)

or
—r+wd > —[V(y,]) — uwz(|Uy] = [Uyes| = 1) = uwd([UD| = UL, )] (F.45)

or
wdlu(|USD ] = [U5)]) = 1] < =+ V(7.5) = wwza(|U, | = [Usey| = 1). (F.46)
UM — \Uy@)j\ is the number of tier-1 dependents of tier-2 supplier j—either 0 or 1 given that -y # v, Since

u < 1, this implies u(|U™"| - \Uﬂ(fle)j\) —1<0. Hence (F.46) is equivalent to

5o T+ V(9) — w0, = Uys,| ~ 1)
Wl = U 1)

Sk

=6,(7,7)- (F.47)

Therefore AR(i) is optimal if and only if

® 0> T — 2,

o 2 <z (y,7) for any i’ € UV with an unaudited tier-2 dependent; V(v,i') > r for any i’ € U{") without
an unaudited tier-2 dependent; and

© 6>6.(v,j) for any j e UP.
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Condition for AD(i) where i € Uy) to be optimal. By (F.30) V (&m, 7, AD(7)) > V (Eup, 7, PP) if and only
if 6> 6 (v,1).

Let ' € U{Y. By (F.41), in the case where i has an unaudited tier-2 dependent, V (&, v, AD(i)) >
7 (€or. v, AR()
dependent, V (&up,7,AD(7)) > V (&or, 7, AR(#')) if and only if V(y,i) <7.

By (F.16) V (&m, 7, AD(i)) = V(&ur, v, AD(#)) if and only if

) if and only if z5 > 2(V)(v,4). By (F.42), in the case where i does not have an unaudited tier-2

—at (- wr() —wwzs (U]~ 1) — wwd (U]~ D]+ ulr(y6) — wwzs|U,es| — wws UL >

—a+(1—u)[r(y) = uwz (U, ] = 1) —uws (UL | = 1)] + u[r(y ©i') = uwz|Uyou| - uwd|USL, ] (F.48)

or
ulm(y ©1) —uwas|Uyei| — uwd|USL]] > ulm(y ©1') — uwas|U,eu | — uwd| UL, | (F.49)
or
(Y9 1) —uwze|Usei| — uwé\Uw(le)i\ >r(yei) —uwzn|U,qr| — uw5|U§19)i,|. (F.50)
Since the only tier-1 dependent of ¢ or ¢’ is itself, |U7(19)1\ = \Uv(le)i, |. Hence (F.50) is equivalent to
T(y61) —uwze|U,gi| = w(y614") —uwze|Uyow|- (F.51)

Let j € U®. By (F.16) and (F.19) V (&, 7, AD(0)) = V(&,7, AD(5)) if and only if
Y

—a+(1—u)[r(y) —uwzs(|U,| - 1) —uwd([UD] = 1)] + u[r(y © 1) — wwzs|U, o] — uwd| U]

> —a+ (1= w)rn(y) —uwz (U, | - 1) —uwd UD ] + ulr(y & §) — wwz|Uye,| —uwsd L[] (F.52)

h(SX]

or
(1 — w)uwd +ulr(y ©1) — uwzs|U, e — wwd| UL | = ulr(y © §) — uwzo|U, ;] — uwd| UL, ] (F.53)

or
(I —w)wd+7(y01i) —uwz|U,ci — uw6|U7(19)i| >7(y9 7)) —uwz|U,o;] — uw5|U§19)j| (F.54)

or
wo[(1—w) + u(|USE,| = [USED] = 7(y 0 4) — m(y ©1) — uwza (|Us ;] = [Useil)- (F.55)

Since v # 7o, [USY

Soil — |U7(19)Z| > 0. Hence (F.55) is equivalent to
T(16J) —7(v91) —uwzr(|Use;| — [Useil)

wll+u(|ULE;] - U] 1))

h{SX]

0>

=6a(7,1,7). (F.56)

Therefore AD(7) is optimal if and only if

o 5>05"(v,i);

e In the case where i has an unaudited tier-2 dependent, z > 2(!)(v,1); in the case where i does not have
an unaudited tier-2 dependent, V(v,1) <r;

o T(y61i) —uwz|U,ei| = (v 81') —uwz|U,qw| for i € UM; and

o §>64(v,1,j) for every je UP.
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Condition for AD(j) where j € U 2) to be optimal. By (F.35), in the case where j does not have an
unaudited tier-1 dependent, V (£un,7, AD(§)) > V(&up,7, PP) if and only if 25 > 27 (7, ). By (F.36), in the
case where j has an unaudited tier-1 dependent, V({PP,'y, AD(j)) > V({PP,'y, pp) if and only if ¢ > 5( )(77 j).

Let i € UM By (F.47) V (&, 7, AD(§)) > V (€mp, 7, AR(3)) if and only if & < 8,(7, ).

By (F.56) V(&wp,, AD(j )) > V(& v, AD(i )) if and only if § < d,4(v,1,7).

Let j' € U®. By (F.19) V(€07 AD(§)) = V (&op, 7, AD(5')) if and only if

—at (L= w)[r(y) — wwz (U, | - 1) —uwd UD]] + ulr(y & §) — wwz|Uye,| — uws UL, >

B(SY)
—a+(1—w)r(y) = uwzs(|U,| = 1) = uwd|UD [+ ulr(y© j') — uwzs|Uyey| — uwd| UL, || (F.57)
or
w(y6J) —uwz|U,qo;| — uwé\UAE@)]\ T(y07") —uwze|Usey| — uwé\UﬁEle)J | (F.58)

Therefore AD(j) is optimal if and only if

e In the case where j does not have an unaudited tier-1 dependent, z, > z (fy, ); in the case where j has
an unaudited tier-1 dependent, ¢ > (5((12) (v, 9);

° §<0,(7.5);

o 0 <d4(7,i,4) for every i € UV; and

o T(v0j) —uwz|U,q;l —uwé\U(l) | > 7m(y©)") —uwze|U,ey |—uw5\U( | for every j' € U,

iSH)
Given the above necessary and sufficient condition for each action to be optimal, we make the following

observations about how the buyer’s optimal action changes as § varies:

(a) Either PP does not arise as an optimal action for any value of § (if there is j € U{?) with an unaudited

tier-1 dependent such that z, < 2% >(7 j)) or PP is optimal for all sufficiently low values of § (specifically

§<e=ur oy 5 <8 (7,4) for every i€ UM, and 6 < <682 (v,4) for every j € U® with an unaudited tier-1

uw

dependent).

(b) Any value of ¢ that makes AD(j) for some unaudited tier-2 supplier j optimal is greater than any value

of § that makes PP optimal. (If j does not have an unaudited tier-1 supplier and z, > z( )(

<@

v,7), PP does not
arise as optimal for any ¢; if j does not have an unaudited tier-1 supplier but z, < (7,4), AD(j) does not
arise as optimal for any §; otherwise if j has an unaudited tier-1 supplier then AD(j) being optimal requires
o> (5;2)(7,3) yet PP being optimal requires § < (5(2)(7,3) )

(¢) Any value of § that makes AR(7) for some unaudited tier-1 supplier ¢ optimal is greater than any value
of 6 that makes AD(j) for some unaudited tier-2 supplier j optimal. (AR(¢) being optimal requires ¢ > 6,.(7,7)
while AD(j) being optimal requires § < d,.(7,7).)

(d) Any value of ¢ that makes AD(¢) for some unaudited tier-1 supplier ¢ optimal is greater than any
value of 0 that makes AD(j) for some unaudited tier-2 supplier j optimal. (AD(¢) being optimal requires
d > 64(7,1,4) while AD(j) being optimal requires ¢ < d4(,4,7).)

(e) If the parameters make AD(7) for some unaudited tier-1 supplier 7 optimal, varying ¢ alone will never
make AR(¢") optimal for any unaudited tier-1 supplier ¢’. (If ¢ has an unaudited tier-2 dependent, AD(3)
being optimal implies z, > 2(!)(7,7)—a condition independent of §—but AR(i’) being optimal requires the
opposite, i.e., zo < 2V (7,1); if i does not have an unaudited tier-2 dependent, AD(4) being optimal implies
V(7,1) < r—a condition independent of —but AR(i') being optimal requires the opposite, i.e., V(v,i) >r.)
The above five observations together imply the pattern described in Proposition F.2. O
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Appendix G: Results with Inaccurate Detection in Auditing

We consider an extension in which the audit is not accurate in the sense that it sometimes may not detect
an existing noncompliance at a supplier. (While an audit may fail to uncover a real violation at a noncom-
pliant supplier, it will never falsely identify a violation at a compliant supplier.) Let there be two types of
noncompliant suppliers: one type whose noncompliance will be detected by the audit and one type whose
noncompliance will escape the audit. Let d be the probability that a noncompliant supplier is of the former
type so the noncompliance will be detected by the audit. Inaccurate detection leads to the possibility of a
supplier being noncompliant even having passed an audit. Specifically the probability that a supplier is still

noncompliant after it has passed an audit is

i . P{noncompliant and passed audit} u(l—d)
P{noncompliant|passed audit} = P{passed andit] = 0—w)+ull—d)

4. (Q.1)

It is easy to verify that u < 1 implies & < u. We assume a supplier that has undergone a rectification process
has the same probability of noncompliance u as a supplier that has passed an audit. (In practice a buyer
often deems a supplier’s rectification complete once it passes a followup audit.) Therefore in this extension
each vetted supplier has the same probability of noncompliance u. The expected total penalty from violations
on state vy=(g,U) is

C(7) = wz(ul S \U| + u|U]) = wz[u]Sy| + (u —u)|U[]. (G2)
Note |S,\U| is the number of vetted suppliers in +.

Only the following formulae of expected values differ from the base model: given auditing policy £ € = and

state yeI', and i € U,,

V(€,7,AD(i) = —a+ (1 —ud)V (£, 7 i) +udV (€7 O ). (G.3)
V(&7 AR()) = —a+ (1 —ud)V (£, B 1) +ud(—r + V(€,7 B 1)) (G.4)
=—a—udr+V(y®1i) (G.5)

and similarly
V*(v,AD(i)) = —a+ (1 —ud)V* (y ® i) + udV*(y©1) (G.6)
V*(7,AR(i)) = —a + (1 —ud)V*(y B i) + ud(—r + V*(y 1)) (G.7)
=—a—udr+V*(y®i). (G.8)

G.1. The Two Subphases

PROPOSITION G.1. The buyer can be at least as well off by postponing all audit and rectify (AR) actions

to after all audit and drop (AD) actions.

Proof. Let & € 2 be such that there exists y=(g,U) €T, i € U,, and j € U,q,; such that

§(v)=ar(i) and §(y@1)=AD(j). (G.9)
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(If there does not exist such a triple of 7, ¢, and j then in £ already all AR actions come after all AD actions.)

We specify a policy £ € = otherwise identical to £ but with the sequence of the above two actions swapped,

namely,
§'(v)=ap(j) (G.10)
€y j) = AR(i) (G11)
AR(i),  if i ¢ Dy(j)
fves= { o , (G.12)
§(vey), ifieDy(j)
§O)=£0), vV el\{v,v@h,vo5} (G.13)
It suffices to show V(&',v) =V (£,7).
Now
V() = V(£ 7, AR(1)) (G.14)
=—a—udr+V(vy®1i) (G.15)
= —a—udr+V(¢,7®1i,AD(j)) (by (G.9)) (G.16)
=—a—udr—a+(1—ud)V(E,~v®idj)+uV({,yDic]) (by (G.3)) (G.17)
and
V(€.7) = V(€ 7,40())) (G-18)
=—a+(1-ud)V(E,v®j)+udV(, 7S 7). (G.19)
There are two cases of i:
e Case 1: i ¢ D,(j). Then
V(€)= —a+ 1 —ud)V (€, v j,AR(1)) +udV (€',7 S j, AR(7)) (G.20)
=—a+(1—ud)(—a—udr+V(E,v®j®1))
+ud(—a—udr+V (&, vyojdi)) (G.21)
=—a—a—udr+(1—ud)V(,y®j®i)+udV({,v0jdi) (G.22)

Note that &'| g+ (yajai) = &l r+ (vaiey), S0 V(E,7®j®i) =V(E,7Di®j). Since i € D,(j), 70O jDi=yHiO].
Also, &'|r+ (vojein = &l r+ (vaiej)- Hence, V({,ySj@i) =V ({,y® 10 j). Therefore by comparing (G.17) and
(G.22) we conclude V(&',v) =V (&,7).

o Case 2:i€ D,(j). Immediately, y i j=v07.

V(€ 7)=—a+(1—ud)V({,vSj,AR()) +udV (', 7 © ) (G.23)
=—a+(1—-ud)(—a—udr+ V(& ,y@j®i))+udV(E,vO7) (G.24)
=—a—(1-ud)(a+udr)+(1—ud)V(,y&j®i)+udV(E,yO 7). (G.25)

Same as above, since &'| g+ (yaj0i) = &l r+ (v@ing),

V(g yeijei)=V(roia]). (G.26)
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Since i € Dy(7), £'(v©j) =&(v© 7). Hence &'|rt(rej) =&lrt(1ej)- By 7@i0j =701,
V(Er@io))=V(Er0))=V(E,70)). (G.27)
Substitute (G.26) and (G.27) into (G.25), then subtract (G.17) to obtain
V(E,v)-V(y)=a+udr— (1 —ud)(a+udr)=ud(a+udr) >0. (G.28)

This completes the proof. Note that the buyer is strictly better off by swapping the actions AR(¢) and AD(j)
(asin &') if and only if i € D,(j) and ud(a+wudr)>0. O

PROPOSITION G.2. Limit the buyer’s actions to audit and rectify (AR) unaudited suppliers and proceed to
production (PP). The optimal auditing policy is to audit and rectify all unaudited suppliers in any sequence

if a+udr < (u—u)wz and to proceed to production if a+ udr > (u — w)wz. Furthermore, given v €T,
V*(v) =m(y) —uwz|S,, | — {(a+udr) A [(u—u)wz]}|U,|. (G.29)
Proof. Given v €T and i € U,, by (2) and the definition of (G.2),
7 (3,PP) = () — w2[lS,, | — (u— D)V, . (G.30)

We prove the result by mathematical induction on the number of unaudited supplier in the state, |U,|. If

|U,| =1, let i € U,, then v @i is a terminal state. By (G.8),

V*(7,AR(1)) = —a —udr + V' (y®i) = —a —udr +7(y Di) —uwz|S,, | = —a —udr +m(y) —uwz|S, | (G.31)

since states v @4 and « have the same underlying supply network, which determines the production profit.

Note V*(v,AR(7)) is independent of i. AR(7) is preferred to PP iff V*(vy,AR(i)) > V* (v, PP), or (since |U, | =1)
—a—udr +7(y) —uwz|S,, | > 7(y) —wz[ulS,, | — (u—u)] (G.32)
or a+ udr < (u—u)wz. Hence,
V* () = V*(7,AR()) VV* (7, PP) = 71(7) — |S,, |(@wz) — (a+udr) A [(u—@)w2]. (G.33)
By mathematical induction, suppose given m € N*, for any 4’ € I' such that |U,.| =m,
V() =m(y) —uwz|S, , | = m{(a+udr) A[(u—u)wz]}. (G.34)
Now let v € T" be such that |U,| =m + 1. Pick arbitrary ¢ € U,, then |U,q;| =m. By (G.8) and (G.34),

V*(v,AR(M)) = —a—udr + V*(y & 1) (G.35)

= —a—udr +7(y) —uwz|S,, | — m{(a+udr) A [(u —u)wz]}. (G.36)
AR(i) is preferred to PP iff V*(v,AR(i)) > V*(7,PP), or
—a—udr +7(y) —uwz|S,, | —m{(a+udr) A[(u—u)wz|} > n(y) —wzlulSy, |+ (m+1)(u—u)] (G.37)

or

a+udr +m{(a+udr) A[(u—w)wz]} <wz(m+1)(u—u) (G.38)
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which holds if and only if @ + udr < wz(u — @), as we wanted to show. Finally, to complete the induction

step, note

(v, PP), if a +udr > wz(u—1)

_ (G.39)
(v,AR(7)), if a+udr <wz(u—7u)

() —uwz|Sy, | — (m+1)(u —w)wz, if a4+ udr >z wz(u—u)

- { (G.40)

—a—udr+m(y) —uwz|S,, | — m{(a+udr) A[(u—u)wz]}, if a+udr <wz(u—1u)

() —uwz|Sy, | — (m+1)(u —w)wz, if a+udr > wz(u—1u)

= (G.41)
7(y) —uwz|Sy | — (m+1)(a+udr), if a+udr <wz(u—1u)

=m(y) —uwz|S,, | — (m+1){(a+udr) A(u—u)wz]}. O (G.42)

THEOREM G.1. There ezists an optimal policy £ € = with the property that auditing decisions are divided
into two subphases:

(a) AD subphase: To audit and drop (AD) some suppliers (or no supplier); followed by

(b) rP subphase: To audit and rectify (AR) all remaining unaudited suppliers in an arbitrary sequence if

a+udr <wz(u—1u); or to proceed to production (PP) if a+ udr > wz(u—1).

Proof. The result is a direct consequence of Propositions G.1 and G.2. O
We denote the additional cost associated with each unaudited supplier (relative to a vetted supplier) in

the RP subphase ¢ = (a + udr) A [(u — 0)wz].
COROLLARY G.1. At state v €T, if the optimal policy £* is already in the RP subphase,
V() = 7(9) — TwzlS,, | — Gl (G.43)

Proof. The result follows (G.29) in Proposition G.2. [

G.2. Optimal Auditing Sequence

When we focus on tier 2, a problem that arises with inaccurate detection is that the dropping of a tier-
2 supplier (call it 7) may cause another supplier (i') to carry additional (vetted) dependents (in tier 1)
compared to before the dropping of i. Even if supplier ' was not favored for an audit in an earlier state,
it may become favorable in a subsequent step. (We can view this as the breaking down of the decreasing
differences property when we augment the production profit with the “residual penalty” of vetted suppliers
arising from w: supplier ¢’ may become less valuable (accounting for @) after the dropping of i.)

We propose a fix here (only for Section G.2) that imposes perfect compliance on the tier-1 firms: that is,
they are not at risk of any violation (not even the type captured by probability ). Then, when limiting
auditing to tier 2, we rule out any collateral penalty from dependents whatsoever, thereby retaining the
decreasing differences of the production profit augmented by .

More generally, given state v = (¢,U) € ', let §g be the set of suppliers in g that are not perfectly compliant
(i.e., suppliers in Sg\gg are perfectly compliant). Theorem G.1 remains valid, but (G.43) in Corollary G.1
now becomes

V*(y) = m(y) = @w2|S,, | = U, | (G.44)
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THEOREM G.2. Under Condition 1 the following policy £** is optimal at any state vy in which every tier-1

firm is vetted (perfectly compliant): for any nonterminal state v %y, let i be an LVUS in ~, then
AD(7), if a4+ ud(V(y,1) —twz) < Cpp
& (y) = R - (G.45)
RP, if a4+ ud(V(7,1) —twz) > Cpp

We first identify an optimal policy in a general class of supply networks in Theorem G.3, the proof of

which serves as the basis for the proof of Theorem G.4, an expanded version of Theorem G.2.

THEOREM G.3. Let vo €T be such that for any v € R (vo) and i € U,, any dependent of i in any state
v € R (7) is vetted (perfectly compliant). Under Assumptions D.1 and D.2, the following policy £* is optimal
in every state v € R*(vo):

{AD(i), ifieU,,a+ud(V(y,i) — twz) < G, and V(v,7) < V(v,i),¥i' € U,

()= (G.46)

RP, if a4+ ud(V(y,i) —twz) = Cyp, Vi € U,
Proof. Let v € R™(y,). We prove the result by mathematical induction on the number of unaudited
supplier in the state, |U,|. If |U,| =1, let i € U,, then V*(v,AD(i)) > V*(v,RP) iff

—a+ (1 —ud)V*(y @) +udV*(y©1i) > 7(y) — twz|S,, | — e (G.47)

iff
—a+(1—ud)(n(y @) — Gw2| S, |) +ud(n(y &) — Gw2| S, ., |) > () — Gw2|S,, | — cu (G.48)

iff
— a+udfr(y©i) - Gwz(|S,, | - 1)] > ud(n(y) — Gwz|S,, |) - cx (G.49)

iff
—a+ud(V(y,1) —twz) < cpp (G.50)

which is the condition for action AD(i) under £*. Therefore £* is optimal at ~.

By way of mathematical induction, suppose £* is optimal for all v/ € RT () such that |U, | <k € NT.
Let v € RT (o) be such that |U,| =k + 1. We divide the proof of the induction step into two cases based on
(G.46).

Case a (a+ud(V(7,i) — Gwz) = G, Vi € U,). We show that V*(y,RP) = V*(v,AD(i)) for any i € U,,, thus
proving the optimality of the action RP when uV(v,%) + a > cxp,Vi € U, as Theorem G.3 prescribes. Let
i€ U,. We first show two equalities: V*(y@i) = V*(y@®i,RP) and V*(y©1i) = V*(y S i, RP).

First consider the state v @i. Note w(y@® i) = () and for any i’ € U, \{i}, 7(y®iSi') =m(ySi’). Then for
any i’ € U,g: = U, \{3},

a+ud(V(y®i,i') —twz)=a+ud(r(y®i) —n(y®i01) —twz)
=a+ud(r(y) —w(yoi') —uwz) =a+ud(V(y,i) —twz) = cpp. (G.51)
Hence by the definition of £*, £*(y @ i) =RP, i.e., £ prescribes the action RP in state v @i. But |U,q.| = k.

By invoking the induction hypothesis (that £* is optimal at any state 4’ € R™ (o) in which |U,/| < k), we
conclude that the action RP is optimal at state v @i. Therefore V*(y @) = V*(y & i,RP).
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Next consider the state v ©1. Since any dependent of i is perfectly compliant (and thus cannot be unaudited),

U,o: =U,\{i}. By Assumption D.1, for any i’ € U, ¢,
a+ud(V(yoi,i')—uwz) 2 a+ud(V(y,i") —uwz) (G.52)

which is greater than or equal to ¢y for any i’ € U, by the premise of the current case. Hence {*(y& i) = RP.
But |U,e;| < k. By invoking the induction hypothesis (that £* is optimal at any state 7' € R (7o) in which
|U.| < k), we conclude that the action RP is optimal in state v & 1. Therefore V*(y & i) = V* (7S i,RP).
Now

V*(v,RP)

ﬂ-(’}/) - awZ|Sg«,| _ERP|U7|

7'('("}/) — ﬂwz|§gw| 7ERP */C\R,P(|U'y| - 1)

WV

m(y) —awz|S,, | — [a+ ud(m(y) — 7(y ©1) — Gwz)] — e (|U,]| — 1)

=—a+ (1—ud)V*(y®i,RP) + udV*(y S i,RP)

(G.53)
(G.54)

(G.55)

=—a+ (1 —ud)(r(y ®i) — Ww2|S,, | — G| Uyel) + ud(n(y ©1) — tw2|S,, | = Gl Useil)  (G.56)
(G.57)

=—a+(1—ud)V*'(y®i)+udV*(yS1i) ( )
(G-59)

= ‘7* (fY? AD(i))

where (G.55) is by the assumption a+ud(mw(y) — (v S 1) —Uwz) = Cup; (G.56) is by |U, | = |U,ei| = U, | —1
(any dependent of an unaudited supplier in + is perfectly compliant so that v©1 has exactly one less unaudited
supplier than ~); and (G.58) is by V*(y@1i) = V*(y ®i,RP) and V*(y©1i) = V*(y © i,RP). Therefore the
action RP is optimal when uV(7,7) +a > cxp, Vi € U,

Case b (3¢’ € U, such that a +ud(V(7y,7) — twz) < ¢). Let i € U, be an LVUS in 7, ie., V(7,7) <
V(7,4),Vj € U,. We first show that V*(,AD(i)) > V*(v,RP), then show that V*(v,AD(i)) = V*(v,AD(#))
for any 7' € U,. With these we prove that if ¢ is an LVUS in v and a + ud(V(v,i) — twz) < ¢ then the

optimal action to take in state v is AD(7) as Theorem G.3 prescribes. Now

V*(y,AD(i)) = —a+ (1 —ud)V*(y &) + udV*(y S 1) (G.60)
> —a+ (1—ud)V*(y®i,RP) + udV* (v © i, RP) (G.61)
= —a+ (1 —ud)(r(y i) — Twz|S,, o, | = Gur|Usil) + ud(m(y ©1) = Gw2|S,, ., | = G Uses])

(G.62)
=—a+7(y) —ud(r(y) = w(y©i)) - (1 - ud)iwz|S,, | - udiwz(|S,,| = 1) = G |U,|  (G.63)
=7(y)— ﬁwz|§g7 | — Coe|U, | — a — udV (7, 1) + udtuwz + Cyp (G.64)
=V*(7,RP) — [a+ud(V(y,i) — Gwz) — Cup] (G.65)
> V*(7,RP) (G.66)

where (G.61) is by V* being optimal; (G.63) is by 7(y @ i) =m(7); and (G.65) is by the premise of case b.

We next show that V*(y,AD(i)) = V*(y,AD(i')) for any i’ € U,. Let i’ € U, such that ¢’ is not symmetric
with . (If ¢’ is symmetric with i, clearly V*(v,AD(i)) = V*(y,AD(#’)).) Since i is an LVUS in y &4’ and by
the premise of case b a +ud(n(y @) —w(y BV ©1i) —twz) = a+ud(w(y) — 7(y © 1) — Uwz) < Cyp, by the
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induction hypothesis, £*(y @ 1i’) = AD(7). On the other hand, by Assumption D.2, i is an LVUS in v & #;
therefore!?
AD(i), fatud(r(yoi)—n(yoi ©1i) —twz) < Cup
& (yoi)=1 AR®), fatud(r(yei)—n(yei 6i)—uwz) 20w and a+udr < (u—w)wz. (G.67)
PP, if at+ud(m(v0i") —n(yE01 8i) —uwz) > e and a+ udr = (v — W)wz
We next look at the three cases in (G.67) separately. In each case we devise a policy §A so that the buyer’s
expected profit from first taking the action AD(4) and following 5 thereafter is at least as good as the expected
profit from first taking AD(#’) and following the optimal policy &* thereafter (£* is optimal thereafter by
the induction hypothesis). That is, ‘7(2, ~v,AD(i)) = V(£*,~,AD(#)). Since V*(v,AD()) > ‘N/(E, ~,AD(7))) and
V(&*,~,AD(i')) = V*(y,AD(#’)), we must then have V*(y,AD(i)) = V*(v,AD(i’)) as desired. In each case we

consider the following four events that together form a partition of the sample space:

Hy; = {both i and " would pass an audit} (G.68)
Hio = {i would pass an audit and ¢" would not} (G.69)
Hy; = {i would not pass an audit and ¢’ would} (G.70)
Hoyp = {neither ¢ nor i would pass an audit}. (G.11)

Case b(i) (a+ud(r(y©i') — (v ©1i) — iwz) < Gw). Let & € Z be the policy such that &(y @ i) =
£y 01) = AD() and E(v') = £ () for any 7/ € T\ {7 ®i,7 ).
Conditional on Hy1: The path of state transition by taking AD(4) at state  then following policy gis
AD(d) AD(i")

Y —YPi—S 7DD (G.72)

while that by taking AD(i') at state  then following policy £* is

AD(i") ., AD(%)

V@i VB B (G.73)

Note that y@ 1@ =v& i’ &7 and §A|R+(7@i@i,) = &*| R+ (yeir@i)» SO the expected profit at  from first taking
AD(4) then following policy E is the same as that from first taking AD(¢’) then following &* conditional on
Hy,.

Conditional on Hyg: The path of state transition by taking AD(7) at state v then following policy fAis

AD(4) AD(i")

2 yei B ywiod (G.74)

while that by taking AD(i') at state v then following policy £* is

AD(4") ., AD(%)

O Ve @i (G.75)

Note that y@i9i =y &1 and EA|R+(W®1'9¢/) = &*|r+(yoi @iy, SO the expected profit at  from first taking
AD(4) then following policy fA is the same as that from first taking AD(i’) then following £* conditional on
H10~

BIf uin(yoi)—n(y©i ©i))+a>cw and a + ur < uwz, £* prescribes auditing and rectify (if noncompliant) all
unaudited suppliers in any sequence; here we choose i to audit next.
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Conditional on Hyy or Hpo: Similarly we can show that the expected profit at 7 from first taking AD(7)
then following policy E is the same as that from first taking AD(7’) then following £*.

Therefore the unconditional expected profit at v from first taking AD(z) then following policy 5 and that
from first taking AD(¢") then following £*, which are integrals of the respected conditional expected profits,

must be equal; that is 17(2, ~,AD(i)) = V(£*,~,AD(#’)). Therefore
V*(7,40(0)) > V(€ 7, AD(0) = V(€",7,AD(#)) = V" (7, AD(")) (G.76)

where the induction hypothesis (that £ is optimal at any state v € RT (o) with |U,/| < k) gives the last
equality.
Case b(ii) (a+ud(r(yei')—7n(yei ©i)—uwz) = ¢y and a + udr < (u — U)wz). Let € € = be the

policy such that £(y @1i) = AD(i'), £(y ©4) = AR(i’), and £(v) = £*(v) for any v/ € D\{y @i,y S}

Conditional on Hy;: Using the same steps as in case b(i) we can show the expected profit at 4 from first
taking AD(7) then following g is the same as that from first taking AD(¢') then following &* conditional on
Hy;.

Conditional on Hyo: The path of state transition by taking AD(7) at state v then following policy gis

AD(4) AD(i")

2 e s yeiod (G.77)

while that by taking AD(i") at state + then following policy &* is

AD(3) ., AR(7)

Vi Vo &i. (G.78)

Note that @i =vy6 17 @i and E|R+ (v@ioi) = &|r+ (voi @iy, S0 the expected profit at  from first taking
AD(i) then following € is the same as that from first taking AD(#') then following &* conditional on Hyg.
Conditional on Hy;: Similarly we can show that the expected profit at v from first taking AD(¢) then
following policy gis the same as that from first taking AD(¢") then following &*.
Conditional on Hpg: The path of state transition by taking AD(7) at state v then following policy gis

AD(4) R(i")

72y ei s yoied (G.79)

while that by taking AD(i') at state « then following policy £* is

AD(3) ., AR(7)

yOi voi @i (G.80)

Since 1(yo i ®i) —w(yei @ioi’)=n(yoi)—n(yoi o) 2n(yei) —nm(yei i) for any i € U, cirai
(the last inequality is because ¢ is an LVUS in v &4, by Assumption D.2), and a+ud(w(y©i') —w(yoi ©
i) —uwz) > Cyp (premise of case b(ii)), we have a+ud(r(y0 ¢ ®i) —w(yS i ®i164") —Uwz) = Cyp. Therefore

€ (voi ®i) =RP. Note that since &| z+ (heioi) = &*| R+ (voimi)»
V(Eroiaid) =V (yoidi) 2V (yoiai, rp). (G.81)

On the other hand, since and dependent of 4 or ¢ is perfectly compliant and, in particular, |U,gipu| =

|U'Y6i’€Bi | )

Vi (yoi@i ,RP) — V' (yOi ®i,RP) =1(y0i® ) —m(7 i ®i) =n(y0i) —n(yoi) >0  (G.82)
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Together they imply
VEyeiai) =V (yoi ®i,rP) =V (yoi &) (G.83)

where the last equality is because £*(y © 14’ @ i) = RP. Therefore the expected profit at v from first taking
AD(i) then following SA is greater than or equal to that from first taking AD(i’) then following &* conditional
on Hig.

Therefore the unconditional expected profit at v from first taking AD(7) then following policy E is greater
than or equal to that from first taking AD(¢') then following £*; that is 17(5, ~v,AD(i)) = V(£*,7,AD()).
Therefore

V*(7,AD(i)) > V(&,7,AD(i)) > V(£,7,AD(i')) = V*(v, AD(i")) (G.84)

where the induction hypothesis gives the last equality.

Case b(iii) (a+ud(r(y0 i) —n(y6i ©1) —twz) = ¢ and a+ udr = (U — u)wz). Let € € E be the
policy such that (1) &(y & i) = AD(i'), (2) for any v/ € R*(y 1) such that i’ € Uy, £(/) = &* (v &14'), and
(3) £(v') = &*(v) for any other state 7' (i.e., ¥ €T\{y®i\{y" € RT(y1i):i € U,in}).

Conditional on Hi1: Using the same corresponding steps as in case b(i) we can show the expected profit
at v from first taking AD(¢) then following §A is the same as that from first taking AD(¢’) then following &*
conditional on Hy;.

Conditional on Hyg: Since ¢ is an LVUS in v © ¢/, by the premise of case b(iii), any unaudited supplier
i in state v @i © i must have a + ud(V(y @16 1,i") —uwz) = a+ud(V(y© ',i") — Uwz) = Cyp, then the
induction hypothesis implies £*(y@®i©14') = PP. By the definition of £ E(vaio i') =& (y®i©i'). Therefore
fA(’y @i 614') =pPP. Then the path of the state transition by taking AD(i) at state v then following policy gis

’YAD(i) ’y@iM’Y@i@i/i~ (G.85)

The path of the state transition by taking AD(i’) at state v then following policy &* is

AD(i") ., PP

y——=y0i —. (G.86)

Note that 7(y@®i6d") =7w(y©1'), so the only difference in the conditional expected profit between the above
two paths is the additional cost a of carrying out one more audit in (G.85) (since i is compliant on Hyq it
will not incur any penalty from violation later on).

Conditional on Hg1: The path of the state transition by taking AD(7) at state v then following policy Eis

RNy (G.87)

while the path of the state transition by taking AD(i') at state  then following policy £* is

AD(i") ., AD(%)

v @ O (G.88)

Note that the definition of E means that the path subsequent to v© i in (G.87) and that subsequent to
y@ i &1 in (G.88) will be identical except that i’ will remain unaudited in all subsequent states in (G.87)

while it is vetted in (G.88). Since on Hp; i’ is compliant the only difference in the conditional expected profit
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between the above two paths is the additional cost a of carrying out one more audit in (G.88) (since i’ is
compliant on Hig, even if unaudited, it will not incur any penalty from violation later on).
Conditional on Hog: The path of the state transition by taking AD(7) at state -y then following policy gis

AD(4)

e Y R (G.89)

o~

where {(y© i) =&*(y©i614') = PP by the premise of the current case and Assumption D.1 (so that a +
ud(m(yoieid)—m(y0ioi ©i") — twz) = Gy, Vi” € U,cicr), while the path of the state transition by
taking AD(i’) at state v then following policy £* is

AD(i") ., PP

y—=y0t —. (G.90)

Therefore conditional on Hyg the expected profit at v from first taking AD(7) then following E is greater than
that from first taking AD(7') then following £* by precisely w(ySi) —w(yS4') = 0.

Therefore the unconditional expected profit at « from first taking AD(¢) then following policy §A is greater
than or equal to that from first taking AD(:') then following £*; that is 17(57 ~v,AD(i)) = V(£*,7,AD()).
Therefore

V*(7,AD(D)) > V(€,7,4D(i) > V(§",7,AD(i") = V" (7,4D(i)) (G.91)
where the induction hypothesis yields the last equality.
To sum up, in all cases b(i)-b(iii), V*(y,AD(i)) = V* (v, AD(i')).
&* is optimal at v. O

Theorem G.2 is a shortened version of Theorem G.4.

THEOREM G.4. Under Condition 1 the following policy £** is optimal at any state v in which every tier-1

firm is vetted: for any nonterminal state v vy, let i be an LVUS in -y, then

AD(7), if a+ud(V(y,1) —uwz) < Cpp
() = ‘ o R (G.92)
RP, if a+ud(V(v,i) —awz) = G
and for v1 and i €U,
1
ADG), i ——at ud(V(7,5) — iw2)] + — 9 o+ ud(n(y © 1) — Tw2)] < Gur
o . 1+ud 1+ud
£ () = 1 e (o)
. R RS o
RP, if T ud [a+ud(V(y,i) —uwz)] + T ud [a+ud(m(y©1i) — twz)] = Cpp

The policy £** differs from £* only at state 7; where Assumption D.1 fails. At state 1, £** prescribes
AD(4) in a larger region of the parameter space than £* does, since £** takes into account the fact that if the
buyer drops ¢, the last remaining unaudited supplier will be even less valuable. The buyer has less incentive
to keep the supply network operating in state y; than in states in which decreasing differences hold.

Proof of Theorem G.4. Since we limit to states in which all tier-1 firms are perfectly compliant, (1) by
Proposition 2, Assumption D.2 holds, and (2) any dependent of an unaudited supplier is perfectly compliant.
Under Condition 1, among all states we consider here the only state at which Assumption D.1 fails is 7,
the induction proof of Theorem G.3 applies directly by replacing £* with £**, with two exceptions: (1) at
v itself, at which state we show the optimality of £** separately, and (2) at state o = (g,U) where g =
({a,B},{1},{3},{2}) and U ={1,2,3}, and if the LVUS, 1, in v, satisfies a + ud(V(y2,1) — twz) < ¢zp. We

will go on to show why the induction proof still applies in the second case.
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E* is optimal at ;. Set v =y,. Call the two symmetric tier-2 suppliers in v, ¢ and #’. To analyze the
decision at v we first consider the profits in state ¥ @ ¢ and v & 4. In state v @4 the only unaudited supplier
s 7’. The decision is between AD(i') (with expected profit —a+ (1 —ud)(w(y®i®i') — 2uwz) +ud(7(y®i O
i') —uwz)) and RP (with expected profit w(y ®i@®i') — 2Uwz — ¢p). Therefore

—a+ (1 —ud)(r(y®i i) —2uwz) if 0+ ud(V(y@i,i') — Tws) < G

V(o) = Fud(r(y ®167) ~ iw2) : (G99
ﬂ(fy@i)—Qﬂwz—/c\Rp’ 1fa—|—ud( (’}/@Z ’L/) ) CRP
—a+ (1 —ud)(n(y) —2uwz) . SN -
— +ud(m(yoi') —uwz)’ if atud(Vy i, 1) —iwz) <G (G.95)

<G
() — 20wz — Cyp, it a+ud(V(y®i,i') —uwz) = Cup
Similary, in state v © 4 the only unaudited supplier is ¢’. The decision is between AD(i') (with expected

profit —a+ (1 —ud)(7(y©i®1i') —uwz)) and RP (with expected profit m(y©i®i') — Uwz — Cgp). Therefore

—a+ (1 —ud)(r(yei@i") —uwz), ifat+ud(r(yoidi")—uwz) <y
V(yei) = (G.96)
(YO i®i) —Uwz — Cpp, if a+ud(r(yoid®i") —uwz) =
—a+ (1 —ud)(m(yo1i) —uwz), ifa+ud(r(yOidi)—uwz) < Cpp
= . (G.97)
(7O 1) — Uwz — Crp, if a+ud(n(yOi®1i) —uwz) = Crp
By Proposition C.5 we algebraically verify that
w(y) —nw(yoi) >n(yei)=n(yo1i) (G.98)
(which is how Assumption D.1 is violated). By (G.95) and (G.97) we obtain
V*(v,AD(i)) = —a+ (1 —ud)V* (v ® i) + udV*(y &) (G.99)

—2a+ (1 —ud)[(1 — ud)(7(v) — 2uwz)
+ud(r(ye i) —uwz)] if a+ud(V(y,i) — twz) < e
+ud(l —ud)(w(y©1i) — uwz),

= —a+ (1 —ud)(mw(y) — 20wz — Cyp) ; a+ud(m(yS1i) —uwz) < Cpp (G.100)
+ud[—a+ (1 —ud)(w(y©1i) — uwz)], <a+ud(d(y,i) —twz)
—a+ (1 —ud)(w(y) — 2uwz — cRp)

+ud(m(y©1i) — Uwz — Cyp),
—2a+ (1 —ud)?(w(y) — 2twz)

if a+ud(m(y©01i) —uwz) = Cyyp

+2ud(1 — ud)(n(y ©1) — Gw2), if a+ud(V(y,i) —twz) < Cyp
= —a+ (1 —ud)(m(vy) — 2uwz — Cgp) ’ a+ud(m(ye ) - ﬂiuz) <Cw .- (G.101)
+ud[— + (1 —wd)(r(y©1i) —uwz)], <a+ud(d(y,7) —twz)

((
—Crp + (1 —ud)(7(y) — 20wz) + ud(n(y 1) —uwz), if a+ud(w(yOi)—wwz) > Cpp

On the other hand V*(y,RP) = 7(7) — Gw2|S,, | — w|U,| = 7(7) — 20wz — 2Gy. Hence V*(y,AD(i)) >
v (v,RP) if and only if one of the following three (mutually exclusive) conditions holds:

(a) a4+ ud(V(v,i') — Gwz) < G and —2a + (1 — ud)?(7(7) — 2awz) + 2ud(l — ud)(n(y © ') — twz) >
() — 2uwz — 2Cgp;

(b) a+ud(n(ySi) —uwz) < < a+ud(V(y,i) —uwz) and —a+ (1 —ud)(7(y) — 2uwz — Cpp + ud[—a +
(1 —ud)(m(y©1i) —uwz)] > w(y) — 2uwz — 2Cpyp;

(¢) a+ud(n(y©i) —twz) = ¢y and —a — g + (1 — ud)(n(y) — 20wz) + ud(w(y © 1) — dwz) > w(y) —

Uwz — 2Cqp.
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In (a), the second inequality is equivalent to
2+ ud(V (7, #) — 2002)] — (ud?[((7) — 7(y &) — 1y )] < s (G102)

which is implied by the first inequality in (a) and (G.98). So (a) can be simplified to just the first inequality
a+ud(V(y,i) —twz) < . In (b), the last inequality is equivalent to

[a+ud(V(y,i) —uwz)] +ud(a+ ud(m(y O i) — twz)) < (14 ud)cre (G.103)
o+ ud(V(y,0) —wz)] + ﬁ[a Fud(n(y©1) — twz)] < G- (G.104)

Note that (G.104) and the second inequality ¢y < a + ud(V(7,7") — twz) implies the first inequality a +
ud(m(y©14) —uwz) < Cyp. So (b) can be simplified to

[a+ud(V(y,i) —uwz)] +

u
RPN . N ). .
T ud 1+ud[a+ud(7r(7@z) wwz)] < Cp < a+ud(V(y,) —awz). (G.105)

In (¢), the second inequality is equivalent to
a+ud(V(y,i) —uwz) < Ty (G.106)

directly contradicting the first inequality; (¢) can never hold. Therefore that one of the above three conditions
holds is equivalent to that one of the following two conditions holds:
(a) a+ud(V(vy,i") —uwz) < Cpp;

() Tgla+ud(V(y,i) —twz)] + 2o+ ud(m(y © 1) — twz)] < G < a+ud(V(y,i') — twz)

which by (G.98) is equivalent to just

[a+ud(V(7y,i) —uwz)] +

ud
N — T Z. 1
T ud [a+ud(m(y©i) —uwz)] <¢ (G.107)

14ud
This shows the optimality of £** at v, as in (G.93).
& is optimal at 2 The only case to show is when the LVUS i of 75 satisfies a+ud(V (yz2,i) — twz) < Cgp.
The proof is analogous to case b in the proof of Theorem G.3 by replacing £* with £**; here we only point
out the differences:

e Since now =1, and i’ is the shared supplier in v5, v© 4 = ;. Hence by the induction hypothesis

AD(7), if F < cpp;
& (yoi)=< AR(1), i F > ¢y and a+udr < (u—u)wz; (G.108)
PP, if F'> cge and a + udr > (v — 0)wz;

where F = 7= a+ud(V(y ©7,i) — twz)] + 9 [a +ud(n(y © 4’ © ) — twz)]. We redefine the three sub-

cases b(i), b(ii), and b(iii) in the proof by the three cases for £&**(y©1i’) in (G.108) (i.e., replace a+ud(V(y©

i',4) — uwz) in the original condition for each subcase by F).

e In subcases b(ii) and b(iii), owing to (G.98),
Vin,i') > V(n ©i,i'). (G.109)

F > ¢ implies a +ud(V(yS1i',1) —uwz) = Cyp.
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e In subcase b(iii) (F > ¢, and a + udr > (v — u)wz) conditional on Hyg the path of state transition by

taking AD(i) at state -y then following policy gis

ap(i)

v —> 761 (G.110)

while the path of state transition by taking AD(i') at state v then following policy £** is

LYY (G.111)
Here by the definition of E and the induction hypothesis one of two actions could be taken subsequent to
(G.110) (r(voioi) =4 w by Proposition C.5):
A. Ifa+ud(7r('y®z®z )—uwz) =a+ud ( 1 % ﬁwz) > Cpp, then E(’y@i) = (y0i61i) =pp;
B. f a+ud(n(yeisi)—uwz) —a—i—ud( 1 % —ﬂwz) < Cpp, then E(’y@i) = (yoiot)=
AD(#") where 4" is the only supplier in U, giq -
In sub-subcase (b)(iii)A the original proof applies. In sub-subcase (b)(iii)B following (G.110) the action is
AD(i"”) with two possible consequences: that " passes the audit leading to v© ¢ @ 4" and that " fails the

audit leading to v & i ©14". Note that in either case the definition of E prescribes PP afterward. Therefore,

the expected profit subsequent to y&4 in (G.110) is

—a+(1—ud)(r(voidi") —uwz)+udr(y6i01i") —wz

. 2
ot |1 ud) B gk | o)

576 %6 5 — (1 —ud)uwz —wz (G.112)

where the —wz comes from that in event Hygg we know i’ is noncompliant and the equality results from
substituting the values of the production profits according to Proposition C.5. On the other hand the expected
profit subsequent to y© ¢’ in (G.111) is

1 _ 2
ﬂ(v@i’)—uwz—wz:%(aﬁvﬂ—uwz—wz (G.113)

where the —uwz is due to ¢ remaining unaudited, the —wz is due to 7 being noncompliant, and the equality
results from substituting the value of the production profit according to Proposition C.5. The difference
between (G.112) and (G.113) is equal to

_ 2 _ 2
(u—T)wz — [a—l—ud (GZW;T) —ﬂwz)} + 14?200 (o BUT) . (G.114)

But the premise of sub-subcase (b)(iii)B is that a+ud ( L % ﬂwz) < ¢y and a premise of subcase b(iii)
is a4 udr > (v — w)wz, implying ¢, = (4 — u)wz, so (G.114) is positive.

Therefore the expected profit at v from first taking AD(7) then following E is greater than or equal to that
from first taking AD(i’) then following £** conditional on Hgg. This completes the proof. O

Corollary 2 holds exactly as in the base model.
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G.3. Supplier Choice When Auditing One Firm
Let v €T and i € U,. We revise the definitions of the two thresholds z,(v,4) and z,.(v,) for z as
a+udV(v,i)

w00 = (1S, 18y D)+ (= )0, |~ [Tl — D]+ (a— )]} (G-115)
N v(r)/vi)fr
=000 = R T~ [T — 1 + 808,115y oD (G-116)

PROPOSITION G.3. At nonterminal state v, suppose the buyer can at most audit (AD or AR) one supplier,
then PP. The optimal decision is

(a) PP if and only if 2 < 2 and z < z,(v,4’) for every i’ € U, ;

w(’u.—u)

b) AR(i) (for any i€ U, ) if and only if z > 2t and z < z,(v,i") for every i’ € U,.
Yy ol

w(u—u)’

(¢) AD(@) if and only if z> z,(7,1), z > z,.(7,1) and i solves

max {7(y i) —wz [4]S,, ., |+ (u—0)|U,eil] } - (G.117)

i€U,
Proof. Let &, be the policy that maps any state in I' to the action Pp. Then for i € U,,
V (&7, AD()) = —a+ (1 — ud)V (Epp, ¥ 1) + udV (Eppyy ©1) (G.118)
=—a+ (1 —ud)(r(y&1) —wz[ulSy o, [+ (u—U)|Use:il)
+ (u—u)|Useil )]} (G.119)
= —a+ (1 —ud)(7(y) —wz[ulS,, |+ (u—u)|U,| - 1)

TyOi

)

)
+ud{m(y &) —wz[dlS

)

)

Fud{r(y &) —wellS,, .|+ (u—0)|Useil)]} (G.120)
V(&er, 7, AR(3)) = —a — udr + m(y 1) — wz(@]S,, o, |+ (u—0)|Uya:)) (G.121)
= —a—udr+7(y) —wz[ulS,, |+ (u—u)(|U,| —1)] (G.122)
and
V (€oes s PP) = 7(3) — wellS,, | + (u— DU, . (G.123)

Note that V (&, 7, AR(i)) is independent of i.
Therefore V (&up, 7, AD(7)) > V (Eop, 7, AR(')) for any i € U, iff

—a+ (1 —ud){n(y) —wz[ulS,, ;[ + (u =) (|U,| = D]} +ud{z(y S ) —wz[ulS,, ., [+ (u—u)|Useil]}
> —a—udr+m(y) —wz[u|S,, |+ (u—u(|U,| =1)] (G.124)
which is equivalent to
wz[u(|Sg, [ =[Sy, o[ + (=) (|Us| = [Useil =1)] > V(y,8) = (G.125)

or z> z.(7,1).
V (&7, AD(i)) > V (&ur, 7, PP) iff

—a+ (1 —ud)(n(y) —wz[ulSy, |+ (u = w)|U,| = 1) +ud{n(y© i) —wz[ulSy, ., | + (v = )| Usei )]}
>7(y) —wz[ul S, | + (w = )|, ] (G.126)
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which is equivalent to

ww{ud[(|S,,| - |5

9voi

)+ (u =BT~ [Uyeal)] + (L~ ud)(u— )} > a+ udV(7,1) (G.127)

or z> z,(v,1).
V (Eopy ¥, AD(4)) = V (€up, 7y, AD(@")) for i’ € U, iff

—a+ (1 —ud)(n(y) —wz[ulS,, | + (u = W)U, = 1) + ud{n(y i) —wz[u| Sy, | + (u = w)|Uyei])]}

> —a+ (1 —ud)(r(y) —wz[ul S, [+ (w=)|Us| = 1) +ud{x(y O i') —wz[ulS,__, [+ (u = 8)|Usei )]}

(G.128)
which is equivalent to
m(y©1) —wzlulSy o, |+ (u—w)|Usei])] 2 7(y ©4) —wz[ulS, _, |+ (u—u)|U,eu)]- (G.129)
V (&ory 7, AR(7)) > V (Epp, 7, PP) iff
—a—udr +7(7) — w2[alS,, | + (= D)V — D] > 7(3) — w2[alS,, |+ (w— )V, | (G.130)

atudr
w(u—u) "

The optimal decision is PP iff V (&, 7, PP) = V(Eop, 7, AD(i)) and V (Eup, v, PP) = V (Emn, 7, AR(3)) for any i €
U,. This gives part (). The optimal decision is AD() iff V(&up, 7, AD(3)) > V (&p, 7, AR(D')), V (Epp, 7, AD(7)) >
V (&, 7, PP), and V (Eup, v, AD(i)) = V (Eun, v, AD(#')) for any i’ € U.,. This gives part (¢). The optimal decision
is AR() iff V(Eopy7, AR(7)) = V (7, AD(i')) for any i’ € U, and V (&, 7, AR(7)) > V(Eon, 7, PP). This gives
part (b). O

which is equivalent to z >

PROPOSITION G.4. At nonterminal state v, suppose the buyer can audit (AD or AR) at most one supplier,
before proceeding to production (PP). There exist two (possibly coinciding) thresholds z < Z for penalty z such
that

(a) If z < z the optimal decision is PP;

(b) If z < z < Z the optimal decision is AR(3) for any i € U,;

(¢) If z> Z the optimal decision is AD(i) where i solves (G.117).

Proof. By Proposition G.3 the optimal decision depends on the ordering of three thresholds for z:

d
%, z.(7) = min 2 (7,1),  2,(7) = min 2, (7,1). (G.131)

In the following we enumerate all but one possible orderings of the three thresholds and verify that they are
consistent with the property we describe in Proposition G.4. We then show the remaining one ordering can
never arise. In the following the supplier 7 in AR(¢) can be any ¢ € U, and the supplier ¢ in AD(¢) is given by

(G.117). (The identity of supplier ¢ may change as z changes.) We consider two cases as follows:

(a) 5% > 2,(7)- Then by Proposition G.3 AR(i) is never optimal. Therefore the optimal decision is

either PP or AD(i). By Proposition G.3 the optimal decision is PP if and only if z < (;l(-:idar) A z,(7y), which

implies the optimal decision is AD(¢) if and only if z > ( ey ) A z,(7). Setting z =% atudr ) Az, (7)

w(u—1u) w(u—1)

establishes the property Proposition G.4 describes.
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(b) twdr < 2 (). By Proposition G.3 the optimal decision is AR(7) if and only if -2t < > < 2 ().

w(u—a) w(u—a)

Suppose +E < 2 () then the optimal decision is PP if and only if z < Saida)' So setting z =

wlu—a) X

a—+udr
w(u—a)

and zZ = z, () will establish the property Proposition G.4 describes. We only need to show that indeed

atur < z,(v) under case (b).

uw

By way of contradiction suppose % > z,(7). It implies that there exists i € U, such that

o a+udV(y,i") a+udr
2,(y,1") = — — — < —. G.132
AR e 7 N TN S PR 12 A v | Ao M
On the other hand £ <z, () implies
a+ udr , V(v,i") —
_ < Zr ’y,l” = — — . G133
wiu—a) <) = SO e = D808, = 80, (G-133)

Let My =a+udr, Ny =w(u—u), M2 =ud(V(7,7) —r), and No = udw[u([S,, [ — |5, _,,[) + (u—u)(|U,| -

a+tudr __ M; <1\ __ Mo <1\ __ Mi+Ms . My __ a+tudr
|U’Y@i”| — 1)] Then wlu—a) — N’ ZT(’}/7Z ) =Ny and Zp(’}/,l ) = NN Since N17N2 >0 and N T w(u—a) <

2. (7,1") = 1\]\%, it must hold that %—11 < %1111‘\,4; < 1\]\%7 ie., % < zp(,7") < z.(7,1"), contradicting

(G.132). O

We consider a state v, = (g,U) in which there is at least one supplier in each position in tier 2 (majority-
exclusive, minority-exclusive, shared; i.e., t,, s, .5 = 1), all suppliers (including those in tier 1) are unaudited,
and the majority tier-1 firm A has strictly more suppliers than the minority tier-1 firm B (i.e., t, > t;). This
structure allows us to compare all possible auditing choices. In Proposition G.5 the thresholds z,s, 21, and

z,1 are identical to those in Proposition D.5.

PROPOSITION G.5. At state v4 suppose the buyer can audit at most one supplier before proceeding to
production (PP). Let z; = (zy1 A zoj1) VZ and Zq = zy1 V Zas V Z where Z is as in Proposition G.4. The optimal
decision is AD(e,) (i.e., auditing and dropping (if noncompliant) an exclusive supplier to firm A) if and only

if z<z <z, AD(B) if and only if z, < z < Zq, and AD(A) if and only if z> Z,.
Proof. By the proof of Proposition G.3, let i,i’ € U,, V(&u,7, AD(i)) = V (£up, v, AD(#)) iff

7(y 1) — w2l S, | + (u— D) U,oill 2 w(y ©1) — wafalS,,_, |+ (u—)|Useu]] (G.134)

yO1i

Since in vy, [Sy o, | = |Uyeil, (G.134) is equivalent to (D.128). Therefore the rest of the proof of Proposi-
tion G.5 is identical to the proof of Proposition D.5. [

PROPOSITION G.6. Consider a nonterminal state where the buyer can audit at most one supplier before
proceeding to production. As penalty z increases, the optimal action shifts from PP to AR(i) (where i is
any unaudited supplier) to AD(i) (where i is a certain unaudited supplier). Further, if every supplier in the
network is unaudited (and there is at least one supplier in each position in tier 2, and the majority tier-1
firm A has strictly more suppliers than the minority tier-1 firm B), within the interval of z where AD(i) is

optimal, as z increases, the supplier i to audit shifts from e, to B to A.

Proof. Proposition G.6 is a summary of Propositions G.4 and G.5. [
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Appendix H: The Production Profit Function Approach with General Supply
Networks

We consider general supply networks without any restrictions over tiers or the number of suppliers within
any tier. To handle the generality of the network we abstract away a specific model of production but
instead adopt an abstract production profit function that encapsulates any underlying production activity.

It represents the profit the buyer makes from production on a given supply network.

H.1. Model

H.1.1. Supply Network We model a general supply network with a single buyer and any finite number
of suppliers. Each firm has at least one upstream supplier, except for raw materials suppliers. Every supplier
in the network has at least one downstream customer which is either the buyer or another supplier. We do
not impose any restrictions on the supply relationships between firms. For instance a supplier may sell to a
customer but also directly to this customer’s own customer at the same time. All material flows eventually
end at the buyer.

We represent the supply network as a directed graph g = (W, E,), where the set of vertices W, represents
the firms (the buyer and suppliers) in the supply network and the set of arcs F, represents the supply
relationships between the firms. The direction of each arc in F/, represents the the flow of the goods: for ¢, 5 €
Wy, ji € E, means “j supplies i”. We denote the buyer by ¢ € W, and the set of suppliers by S, = W,\{c}.
The buyer ¢ is reachable from any i € S,. Each supplier i has outdegree d} (i) > 0. We denote G the set of
all supply networks.

For i,j € S;, we call j a dependent of i in g if j solely relies on ¢ to supply the buyer, i.e., ¢ is on every
directed path from a raw material supplier to the buyer ¢ that traverses j in g. Denote D,(i) the set
of dependents of 7 in g. A dependent j of ¢ may lie upstream or downstream from i. Two suppliers may
simultaneously be dependents of each other. Every supplier is a dependent of itself, i.e., i € D,(i),Vi € S,.

We shall omit the subscript “g” whenever there is no risk of confusion.

H.1.2. Auditing We model the auditing phase as a Markov decision process for the buyer. A state
consists of a supply network and the auditing status of each supplier (unaudited or vetted). Specifically a state

is a tuple v = (g,,U,) where g, = (W,

9~

E, ) is a supply network and U, C S, is the set of suppliers that are
currently unaudited. We omit the subscript “y” whenever doing so causes no confusion. Any supplier ¢ € S,\U
is vetted. The state space is I' ={(g,U) : g € G,U C S,}. The terminal states I'; are the supply networks
with no more unaudited suppliers, I'y = {y=(g,U) € T': U = 0}.

As in our main model, to facilitate the formulation of the dynamic program, we define two operators that
will be used when updating the state. Let Z = {(v,7) : v €T',i € U, } be the set of pairs of a state and an
unaudited supplier (in that state). The first mapping & : Z — T' changes a supplier from an unaudited to a
vetted status, i.e., given state v and unaudited supplier ¢ in v, v @1 is the state otherwise identical to v but

with a vetted i.1* The second mapping © : Z — I removes a supplier along with its dependents from a state,

" Given y=(g,U) €T and i € U, @i = (g,U’) where U’ = U\{i}.
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i.e., given state v and unaudited supplier i in v, v & is the state otherwise identical to v but with ¢ and all
its dependents removed.!®

Given v = (g,U) € T, we define a mapping 7 : I' = R so that 7(y) is the buyer’s production profit if the
buyer chooses to stop auditing in state 7. It reflects the profit the buyer makes from the production activity
on supply network g. We otherwise model the auditing activity in the same way as the auditing phase in our

main model.

H.2. Results

THEOREM H.1. There exists an optimal policy £* € = with the property that auditing decisions are divided
into two subphases:

(a) AD subphase: To audit and drop (AD) some suppliers (or none); followed by

(b) rP subphase: To audit and rectify (AR) all remaining unaudited suppliers in an arbitrary sequence if

a+ur <uwz; or to proceed to production (PP) if a+ ur > uwz.

COROLLARY H.1. At state v €T, if the optimal policy £* is already in the RP subphase,
V() =7(7) — ce|U, |- (H.1)

The proofs of Theorem H.1 and Corollary H.1 are identical to those of Theorem 3 and Corollary 1.

For the LVUS auditing result, the assumption of decreasing differences of the production profit remains
the same as in our main model (Assumption D.1). Assumption D.2 (the preservation of LVUS) now requires
a new definition of symmetric suppliers, as follows:

DEFINITION H.1 (SYMMETRIC SUPPLIERS). Let v = (9,U),y = (¢’,U’) € T be two (possibly identical)
states. If there exist bijections 6 : W, — W,, and v : E, — E,, such that (8,%) is an isomorphism between
directed graphs g and ¢/, and in addition ¢ € U if and only if §(:) € U’ for all i € S, we call the pair (6,1))
an isomorphism between states v and 7. Let v=(g,U) € T and 4,7’ € W,. We say 1,3’ are symmetric or i is

symmetric with ¢’ if there exists an isomorphism (6,t) between v and itself such that 6(i) =4'.

THEOREM H.2. Let 9 = (9,U) € T be such that for any v € RY(yo), no unaudited supplier in v is a
dependent of another unaudited supplier, i.e., any i,i’ € U, (i #1i') satisfy i ¢ D,(i') and i’ ¢ D,(i). Under

Assumptions D.1 and D.2, the following policy £* is optimal in every state v € R (yo):

AD(i), if i€ U,,uV(y,1)+a<cw, and V(v,1) < V(v,7),Vi' €U,

&)= ‘ , . (H.2)
RP, if uV(v,i) +a>cp, Vi €U,

The proof of Theorem H.2 is identical to that of Theorem D.1.

B Given y=(g,U)eT and i €U, yO1i=(¢',U’) where ¢’ = g[W,\Dy(4)], the subgraph of g induced by Wy\D, (i),
and U' =UNW,.
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Appendix I: Technical Lemmas

LEMMA 1.1 (determinant of upper arrowhead matrix). For n € Ny and n > 2, and a,b,c,d € R,

then
ab b b
cd 0 ---0
det [ c0 d " : = [ad — (n—1)bc]d" 2. (L1)
L0
c0--- 0d
nxn

Proof. Denote the matrix in (I.1) by ¥. If d =0 we expanding ¥ along the first column in the way of
Laplace to find det(¥) =0 (each submatrix in the expansion has zero determinant). If d > 0 we multiply

columns 2 to n each by —% and add them all to the first column to get

a—(n-1)% b b ---b
0 d 0--0
det(¥) = det : d : (1.2)
o
[ 0 d

which, by the formula for the determinant of a diagonal matrix, is equal to the right-hand side of (I.1). O

For m,n, k € Ny, denote by J,,, ,, = [1]mxn the m X n matrix of 1’s; J,, = J,, . Denote

rn-.- 17 2 ... 27
21 - 1 : .
Dn = In + Jn = . QQm,n = 2...92 RQm,n = 1.---1 (]:3)
1---1 2 ol Dol
nxn
'2 2‘ 2mxn ‘1 1‘ 2mxn

Denote 5% =D, ® D5, where ® denotes the Kronecker product. Finally, define the two (m+ 2k +n) x (m+

2k +mn) symmetric matrices

2D, Rl .. Jin B 2D,k Jg”“ ‘ﬁm"]
A(m,n, k)= Rogm Do Qarn | > A(m,n, k) = Je Dy otk (L.4)
Jn,m ng,n 2Dn |:Jn:'m Jn,k:| 2Dk+n
LEMMA 1.2. For m,n,k such that m+n+k >0, K(m,n,k) is positive definite.
Proof. Denote m’=m+ k and n’ =n + k. Denote
o Jm,k Jm,n N 2Dm’ B
B= |:Dk Jk,n:| so that A = { BT 2Dn,} . (I.5)

The proof consists of two parts:
(a) 2D,,: is positive definite;
(b) The Schur complement of 2D, in A, i.e., A/(2D,,/) = 2D, — BT(2D,,,)"B, is positive definite.
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Then by the Schur complement condition (Boyd and Vandenberghe 2004, Appendix A.5.5), A is positive
definite, as we want.
(a) To show that 2D, is positive definite, it suffices to show that every leading principal minor of D, is

positive. For i € N, | subtract the first row of D, from every other row to get

2 1 e e 1
-110 ---0
det(D;) = det 0 (1.6)
D0
-10--- 01

which by Lemma I.1 equals (2x 1—(i—1) x 1 x (—1)) x 1=2 =i+1 > 0. Therefore 2D,,, , is positive definite.

(b) We next show that 2D,, — BT(2D,,/)"! B is positive definite. Use row reduction to find

1 -1
2Dp) 7 = 5 1.7
(2D ) 2(m’ +1) . (L.7)
-1 -1 m
Then
m -1 .- =1
Jim Dy | 1 -1 J
BT 2D, _lB: k,m & - m,k Ym,n 18
( m) J’”:m J"JC_ Z(m/+1) ©_1 |:Dk Jk,n:| ( )
-1 -1 m
1 1 2 1 17
: oo m -1 - —1
1 : ol . . .
B Tk
- < . .. m, m,n 1.9
2(m/ +1) | N ;) [Dk Jk’n] (1.9)
1 —1 1 m
m’ xm’
_1 e e 1_
n' xm’
- _ '1 . . 1_
0 0m+10 0
1
1 " 1.10
= 2(m1+ 1) ...... O m/]?|_ 1 2 ( . )
............ | L
...... R 1 . et :
! / - 1- 1 2 1 ---1
n xm o _

m xn'
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2(m'+ 1) m' +1 -+ -« m'+1 m'+1--m' +1]
41 . . . . .
_L | S 1 (111)
= ; : Lo m : : .
m D e 12+ D) m AL+ 1
m/+1 e . ce m/+1 m/ e m/
_m/+1 m’+1 m’ m’ ]
n' xn'
i1 1 1 17
13 "3 3 2
) . .
2
: .1 .
3 3 } 3 3
2’ 2 2(m/HD) T 2(m/+1)
L | m’ e —m/
| 2 2 2(m'+1) 2(m/+1) |
n' xn'
Therefore
3 3 .33 3 -
2 2 2 2
3 .
2
: 3
: 2
2D, —B"(2D,, )" 'B=|% - 53 3 " 2 (1.13)
3 . 3 _Tm’'48 3m’'+4 . 3m’'+4
2 2 2(m/+1) 2(m/+1) 2(m/+1)
: . 3m’+4 .
©2(m/+1)
. . 3m’/+4
: : : . 2(m’+1)
3. .3 3m'+4 3m/+4  Tm/48
L2 2 2(m/+1) 2(m/+1) 2(m/+1)-
n' xn'

It only remains to show that (I.13) is positive definite. We conduct the following row operations on the
matrix so that each newly formed row 4 only references the rows j < ¢ in (I.13), ensuring that the leading

principal minors are preserved:

rg 2......23 3 37
3 3 2 2 2
-535 0 -0 0 0
o
: 0 :
R;i—R1_ | =3 () 0 2 0 0
(L13) Viz2 _i 0 coevnn (2) 4m’ +5 1 U R (L.14)
2 2(m/4+1) 2(m’+1) 2(m’+1)
. L .
©2(m/+1)
. . 1
3 : 1 1 Qim/+é)
30 v v 1 ... _ 1  dm'+
L 2 0 0 2(m/41) 2(m/41) 2(m/+1)
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M3

_3

2

_3

R;—Rp41 _5
Vi€ [k+2,k+n] 2
0

L O

To show that (I.13) is positive definite, it
(1.15) is positive.
Fori=1,...,k, by Lemma 1.1,

det(Mi):<3><3—(i—1)><g><(

2

For i=k+1, (i) expanding

Myyr =

O Njwo|w
C oo

Owjw

3
2
0
0 :
3
3 0
0 4m’+5 1
2(m/+1) 2(m’+1)
D=2 2
0
0 -2 0

0 --- 0

L0
-0 2

1
2(m/+1)

(L15)

suffices to show that every leading principal minor det(M;) of

N W |

o

N[

O njwavlw

S e

D)

o
oOwnlw
Orjw

0
4Am’+5
2(m/+1)

(§>i(i+1)>0.

(1.16)

(L17)

in the way of Laplace along the last row, then (ii) expanding the (k+ 1,1)th minor of M, along the last

column and (iii) applying Lemma I.1 on the (k+ 1,k 4+ 1)th minor of M, we get

det(My1) = (~1)F+2 <3> (-pen?

+(=1)

It simplifies to

3

det(Mj1) = (2

5

2(m’ +1)

2(kt1) 4m/ +5

500
E

4m’ +5

Fori=k+2,...,k+n, expand M, along the (k+ 1)th row:

det(M;) = (—1)"*2 <—2> det(S1) + (—1)

2(k+1) 4m’ +5
2(m’ +1)

(k+1)(

det(SkH) +

3 k

2 0.

;) >

R SR
2(m’ +1) P

3
2

)M. (1.18)

(L19)

D (=1)FTH det(S))

(1.20)

where S; is the submatrix of M, formed by deleting row k+ 1 and column j. We next evaluate the det(S;).
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(Evaluate det(S;)). Denote St for I=1,...,k—1 the (i —1—1) x (i — 1 — ) submatrix of S; obtained by

deleting rows 2,...,l+ 1 and columns with the same indices. In addition, let Sio) =5;. That is
-3 34
3 .
2
S0 = g (1.21)
-2 2
L -2 2]
where empty space represents zeros and there are k — 1 — [ entries of % on the subdiagonal and i — k — 1

entries of 2 on the diagonal. In particular, there is no 2 on the subdiagonal of S

(k—1)
2 1

since all of them are

deleted. Then expand SY) successively along the second row:

1 k—1
det(8;) = det(S1”) = fgdet(SF)) =...= <2) det(SV)=... = (Z) det(S5F1) (1.22)

(Evaluate det(Sy11))-

g 3 . .. 33, . 37
g 2 2 2
_% S0 --00--- - 0
I
-0 A Erx
Sesr=|-2 0 030 0 = [ kxk ’“;“’“1)} . (L.24)
O coreen e 020 ---0 O-r-1)xk 2Li-g—
S0

: e

[0 000 2]

The submatrix A in the upper-left block is an arrowhead matrix; by Lemma 1.1,

det(A) = [(3) <;) —(k—1) (g) (g’)] (2>k2(k+1) @)k (1.25)

Observing that the lower-left block of the matrix is a submatrix of zeros, we find

det(Spy1) = det(A) det(2L;_,_1) = (k+1) (2 ) k gi—k—1 (1.26)

(Evaluate det(S;),Vj >k+1). For j > k+1,

(i—k—1)xk J (i—1)x (i—1)
where A and E are the same as in (I1.24) and
99 i
2
Y= 00 (1.28)
2
-2 2

L d (i—k—1)x(i—k—1)
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where, in particular, the (j — &k + 1)th row is (—2,0,...,0). Expand its determinant along this row:
det(Y;) = (=1)7**2(=2)det(21,_,_o) = (1) FF3(21F~1), (1.29)
Since the lower-left submatrix of S; is zero, we have

k
det(S;) =det(A)det(Y;) = (—1) "3 (k+1) (2) (2R (1.30)
where (I1.25) is substituted for det(A).

Substitute (I1.23), (1.26), and (1.30) into (I1.20) to get

det(M;) = (;’f (=R 4+ () (‘;’)2

1 - 3\" ..
A a— E+1)( = 2771y > 0. (L31
o 2 G0 (3) @0 sy
j=k+2
Therefore (I1.15) is positive definite. The proof is complete. O

LEMMA 1.3. For m,n,k such that m+n-+k >0, A(m,n, k) is positive definite.

Proof. 1In the following we omit the arguments (m,n, k) of the matrices A and A as doing so causes no
confusion.
Rewrite A in (I.4) by breaking up its upper-left and lower-right blocks as

2Dm 2Jm,k Jm,k: Jm,n
e _ 2Jk,m 2Dk Dk Jk,n
Atmon k) =17 "D 2D, 2.,
Jn,m Jn,k 2Jn,k 2Dn

(1.32)

(m~42k+n) x (m+2k+n)

Now the blocks in the four corners of A are identical to the corresponding blocks in A. The idea is to permute
the rows and columns of A in between the corner blocks symmetrically to obtain A. Specifically, let P be the
(m+2k+n) x (m+ 2k+n) permutation matrix that leaves rows 1,...,m and m+2k+1,...,m+2k+n intact
and permutes rows m+ 1,...,m + 2k according to the permutation of the set {1,...,2k} (where element !
corresponds to row m +1) as follows (in Cauchy’s two-line notation):

1 2 dii+l-k—1 k k+1k+2-- 5  j+1---2k—12k (1.33)
Thk+1 - ik+i-k—12k—1 2 k+2-j—k+1j+1--- k 2k :

where i is any odd number between 1 and k—1 and j is any odd number between k + 1 and 2k — 1 (all ends
inclusive), for k even, and

1 2 i 41 - k—2k-1kk+1k+2-- j  j+1---2k—22k—1 2k (L.34)
1hk+2 - ik+i+tl - k—22k—1k 2 k+3--j—k+1j+2-- k=1 2k k+1 :

where ¢ is any odd number between 1 and k—2 and j is any even number between k+ 1 and 2k — 2 (all ends
inclusive), for k odd. Then A = PAP.

By Lemma 1.2, A is positive definite. By Theorem 6C(V) in Strang (1980), there exists an invertible matrix
Q such that A= Q'Q . Since P is a permutation matrix, the matrix Q(P~!)" is invertible. Therefore, again

by Theorem 6C(V) in Strang (1980), (Q(P~1)")TQ(P~!)" is positive definite. But since A = PAPT,
QP Y QP I =P 1QTQ(P ) = P'A(P") ' = P-'PAPT(P") ' = A (1.35)

implying A is positive definite. [
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